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Abstract

This article formalizes quantifier elimination procedures for dense
linear orders, linear real arithmetic and Presburger arithmetic. In each
case both a DNF-based non-elementary algorithm and one or more
(doubly) exponential NNF-based algorithms are formalized, including
the well-known algorithms by Ferrante and Rackoff and by Cooper.
The NNF-based algorithms for dense linear orders are new but based on
Ferrante and Rackoff and on an algorithm by Loos and Weisspfenning
which simulates infinitesimals.

All algorithms are directly executable. In particular, they yield
reflective quantifier elimination procedures for HOL itself.

The formalization makes heavy use of locales and is therefore highly
modular.

For an exposition of the DNF-based procedures see [5], for the NNF-based
procedures see [4].
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1 Logic

theory Logic
imports Main FuncSet
begin

We start with a generic formalization of quantified logical formulae using de
Bruijn notation. The syntax is parametric in the type of atoms.

declare Let-def[simp]

datatype ‘a fm =
TrueF' | FalseF | Atom 'a | And 'a fm 'a fm | Or 'a fm 'a fm |
Neg 'a fm | EzQ 'a fm

abbreviation Imp where Imp ¢ @2 = Or (Neg ¢1) 2
abbreviation AllQ) where AllQ ¢ = Neg(EzQ(Neg ©))

definition neg where
neg ¢ = (if o=TrueF then FalseF else if p=FalseF then TrueF else Neg )

definition and :: 'a fm = 'a fm = ’a fm where
and ©1 Y2 =
(if w1=TrueF then @2 else if po="TrueF then 1 else
if w1=FalseF V po=FalseF then FalseF else And p1 p2)



definition or :: ‘a fm = 'a fm = 'a fm where

or 1 Y2 =

(if p1=FalseF then @q else if po=FalseF then ¢ else
if o1=TrueF V wo=TrueF then TrueF else Or @1 p2)

definition list-conj :: ‘a fm list = 'a fm where
list-conj fs = foldr and fs TrueF

definition list-disj :: 'a fm list = ’a fm where
list-disj fs = foldr or fs FalseF

abbreviation Disj is f = list-disj (map f is)

fun atoms :: 'a fm = 'a set where

atoms TrueF = {} |

atoms FalseF = {} |

atoms (Atom a) = {a} |

atoms (And o1 p2) = atoms o1 U atoms @2 |
atoms (Or o1 2) = atoms w1 U atoms @ |
atoms (Neg ) = atoms ¢ |

atoms (ExQ ¢) = atoms ¢

fun map-fm :: (Y'a = 'b) = 'a fm = b fm (mapfm) where
map r, h TrueF = Truek |

map f, h FalseF = Falsel |

map g, h (Atom a) = Atom(h a) |

map f, h (And 1 @2) = And (mappy, b 1) (map g, b ¢2) |
map g, b (Or @1 p2) = Or (mappy, h 1) (mapgy, h ¢2) |
map fm, h (Neg ) = Neg (map fp, h ) |

map fy, h (EzQ ¢) = EzQ (mapfm h )

lemma atoms-map-fm[simp]: atoms(mapfm f @) =f" atoms ¢

(proof)

fun amap-fm :: ('a = 'b fm) = 'a fm = 'b fm (amap f,) where
amap gy, h TrueF = TrueF |

amapfy, h FalseF' = Falsel |

amap g, h (Atom a) = h a |

amap g, h (And 1 @2) = and (amapp, b ¢1) (amapgy, h ¢2) |
amap f, h (Or 1 @2) = or (amapp, b 1) (amapfy, h 2) |
amap gy, h (Neg @) = neg (amap f, h o)

lemma amap-fm-list-disj:
amap g, h (list-disj fs) = list-disj (map (amapfm h) fs)
(proof)

fun gfree :: 'a fm = bool where
gfree(FzQ f) = False |



gfree(And @1 @2) = (qfree o1 A gfree @2) |
gfree(Or @1 @2) = (qfree o1 A gfree @2) |
qfree(Neg o) = (qfree ¢) |

qfree ¢ = True

lemma gfree-and[simp]: [ qfree ¢1; qfree o | = qfree(and 1 p2)
(proof )

lemma gfree-or[simp|: [ qfree p1; qfree o3 | = qfree(or 1 p2)
(proof)

lemma gfree-neg[simp|: qfree(neg ¢) = qfree ¢
(proof )

lemma gfree-foldr-Or[simp]:
gfree(foldr Or fs p) = (qfree ¢ N (V@ € set fs. qfree @))
(proof )

lemma gfree-list-conj|simp]:
assumes YV € set fs. qfree ¢ shows gfree(list-conj fs)
(proof)

lemma gfree-list-disj[simp]:
assumes YV € set fs. qfree p shows qfree(list-disj fs)
(proof )

lemma gfree-map-fm: gfree (mapyp, f @) = qfree ¢
{proof )

lemma atoms-list-disjE:
a : atoms(list-disj fs) = a : (U € set fs. atoms o)
(proof)

lemma atoms-list-conjE:
a : atoms(list-conj fs) = a : (Jp € set fs. atoms @)

{proof)

'a list list where

fun dnf :: 'a fm =
dnf TrueF = [[]] |
dnf FalseF =[] |

dnf (Atom ) = ] |

dnf (And @1 2) = [d1 Q d2. d1 «— dnf @1, d2 — dnf @] |

dnf (Or ¢1 p2) = dnf p1 @ dnf ps

fun ngfree :: 'a fm = bool where
ngfree(Atom a) = True |

ngfree TrueF = True |

ngfree FalseF = True |



ngfree (And o1 p2) = (ngfree w1 A ngfree @) |
ngfree (Or o1 w2) = (ngfree o1 N ngfree @) |
ngfree ¢ = False

lemma ngfree-qfree[simp|: nqfree ¢ = qfree ¢

(proof)

lemma ngfree-map-fm: ngfree (mapfm f ) = ngfree ¢
(proof )

fun interpret :: (‘a = 'b list = bool) = 'a fm = 'b list = bool where
interpret h TrueF zs = True |

interpret h FalseF xs = False |

interpret h (Atom a) zs = h a zs |

interpret h (And @1 p2) zs = (interpret h o1 zs N interpret h oo 8) |
interpret h (Or @1 w2) xs = (interpret h o1 s | interpret h @o xs) |
interpret h (Neg ) xs = (- interpret h ¢ xs) |

interpret h (ExQ ) zs = (Jz. interpret h ¢ (z#xs))

1.1 Atoms

The locale ATOM of atoms provides a minimal framework for the generic
formulation of theory-independent algorithms, in particular quantifier elim-
ination.

locale ATOM =

fixes aneg :: 'a = 'a fm

fixes anormal :: 'a = bool

assumes ngfree-aneg: ngfree(aneg a)

assumes anormal-aneg: anormal a = ¥V b€atoms(aneg a). anormal b

fixes I, :: 'a = 'b list = bool
assumes [,-aneg: interpret I, (aneg a) xs = (= I, a xs)

fixes dependsg :: 'a = bool

and decr :: 'a = 'a

assumes not-dep-decr: —dependsy a = I, a (z#xs) = I, (decr a) zs
assumes anormal-decr: = dependsy a = anormal a => anormal(decr a)

begin

fun atomsg :: 'a fm = 'a list where
atomsg TrueF = []
atomsg FalseF =[] |

atomsg (Atom a) = (if dependsy a then [a] else []) |
atomsg (And @1 @3) = atomsg p1 @ atomsg ¢ |
atomsg (Or @1 @2) = atomsg p1 @ atomsg @2 |
atomsqg (Neg @) = atomsg ¢



abbreviation I where I = interpret I,

fun nnf :: ‘a fm = 'a fm where

nnf (And ¢1 @2) = And (nnf @1) (nnf @2) |

nnf (Or 1 p2) = Or (nnf ¢1) (nnf @2) |

nnf (Neg TrueF) = FalseF |

nnf (Neg FalseF') = TrueF |

nnf (Neg (Neg ¢)) = (nnf ¢) |

nnf ENeg (And @1 @2)) = (Or (nnf (Neg ¢1)) (nnf (Neg ¢2))) I
(

nnf (Neg (Or ¢1 ¢2)) = (And (nnf (Neg ¢1)) (nnf (Neg ¢2)))
nnf (Neg (Atom a)) = aneg a |

lemma ngfree-nnf: qfree ¢ = ngfree(nnf @)

(proof)

lemma gfree-nnf [simp]: gfree(nnf p) = gfree ¢
(proof )

lemma I-neg[simp): I (neg ¢) zs = I (Neg @) zs
(proof)

lemma I-and[simp]: I (and ¢1 @2) zs = I (And @1 p2) s
(proof)

lemma I-list-conj[simp]:
I (list-conj fs) xs = (V¢ € set fs. I ¢ xs)
(proof)

lemma I-or[simp]: I (or v1 @2) xs = I (Or @1 p2) 8
(proof)

lemma [list-disj[simp]:
I (list-disj fs) zs = (3¢ € set fs. I ¢ xs)
(proof)

lemma I-nnf: I (nnf @) zs = I ¢ xs
(proof )

lemma [-dnf:
ngfree ¢ = (Jas€set (dnf ¢). Vacset as. I, a xs) = I ¢ xs

(proof)

definition normal ¢ = (VY a € atoms ¢. anormal a)

lemma normal-simps|simp]:
normal TrueF
normal FalseF



normal (Atom a) «—— anormal a

normal (And @1 @2) «— normal ¢1 A normal o
normal (Or @1 pa) «— normal 1 A normal @o
normal (Neg @) «— normal ¢

normal (ExQ @) «—— normal ¢

(proof)

lemma normal-aneg[simp]: anormal a = normal (aneg a)

(proof)

lemma normal-and[simp]:
normal @1 = normal @3 = normal (and p1 Y2)

(proof)

lemma normal-or|[simp]:
normal @1 = normal @3 => normal (or @1 p3)

(proof)

lemma normal-list-disj[simp]:
YV p€eset fs. normal ¢ = normal (list-disj fs)

(proof)

lemma normal-nnf: normal ¢ = normal(nnf ¢)
(proof)

lemma normal-map-fm:
Va. anormal(f a) = anormal(a) = normal (mapg, ) = normal ¢

(proof)

lemma anormal-nnf:
gfree p = normal ¢ = Y a€atoms(nnf ). anormal a

{(proof)

lemma atoms-dnf: ngfree ¢ = as : set(dnf ) = a : set as => a : atoms ¢

{proof)

lemma anormal-dnf-nnf:
as : set(dnf(nnf ¢)) = qfree ¢ = normal ¢ = a : set as = anormal a

(proof)

end

end

2 Quantifier elimination

theory QF
imports Logic



begin

The generic, i.e. theory-independent part of quantifier elimination. Both
DNF and an NNF-based procedures are defined and proved correct.

2.1 No Equality

context ATOM
begin

2.1.1 DNF-based

Taking care of atoms independent of variable 0:

definition
gelim qe as =
(let gf = ge [a«—as. dependsy al;
indep = [Atom(decr a). a—as, = dependsq a]
in and qf (list-conj indep))

abbreviation is-dnf-ge :: ('a list = 'a fm) = 'a list = bool where
is-dnf-ge gqe as = Vus. I(qe as) zs = (Jz.V a€set as. I, a (x#1zs))

Note that the exported abbreviation will have as a first parameter the type
'b of values xs ranges over.

lemma I-gelim:
assumes ge: Nas. (Va € set as. dependsy a) = is-dnf-qe qe as
shows is-dnf-ge (gelim ge) as (is Vxs. 7P xs)

(proof)
The generic DNF-based quantifier elimination procedure:

fun lift-dnf-ge :: (‘a list = 'a fm) = 'a fm = 'a fm where

lift-dnf-qe ge (And @1 @2) = and (lift-dnf-ge qe ¢1) (lift-dnf-ge ge p2) |
lift-dnf-ge ge (Or @1 @2) = or (lift-dnf-ge ge 1) (lift-dnf-qe ge ¢2) |
lift-dnf-qe qe (Neg ) = neg(lift-dnf-qe ge ¢) |

lift-dnf-qe qe (EzQ @) = Disj (dnf (nnf (lift--dnf-qe qe ¢))) (gelim ge) |
lift-dnf-ge qe ¢ = ¢

lemma gfree-lift-dnf-qe: (N\as. (V a€set as. dependsy a) = qfree(qe as))
= gfree(lift-dnf-qe ge )
(proof)

lemma qfree-lift-dnf-qe2: qe : lists dependsy — qfree
= gfree(lift-dnf-ge ge @)
(proof )

lemma lem: VP A. (3z€A. Jy. Pz y) = (Jy. Jz€A. Pz y) (proof)

lemma [-lift-dnf-qe:
assumes Aas. (Va € set as. dependsy a) = ¢free(qe as)



and Aas. (Va € set as. dependsy a) = is-dnf-ge qe as
shows I (lift-dnf-qe qe @) zs = I ¢ xs
(proof )

lemma [I-lift-dnf-qge2:

assumes qe : lists dependsy — qfree
and Vas € lists dependsg. is-dnf-qge qe as
shows I (lift-dnf-qe qe ©) zs = I ¢ xs
(proof )

Quantifier elimination with invariant (needed for Presburger):

lemma I-gelim-anormal:

assumes ge: \zs as. Va € set as. dependsy a A\ anormal a = is-dnf-qe qe as
and nm: Va € set as. anormal a

shows I (gelim qe as) zs = (3. Va€set as. I, a (z#1s))

(proof)
declare [[simp-depth-limit = 5]

lemma anormal-atoms-gelim:
(ANas. Y a € set as. dependsg a A anormal a = normal(ge as)) =
Va € set as. anormal a = a : atoms(gelim qe as) = anormal a

(proof)

lemma normal-lift-dnf-qe:

assumes Aas. Va € set as. dependsy a = qfree(ge as)

and Aas. Va € set as. dependsy a A anormal a = normal(qe as)
shows normal ¢ = normal(lift-dnf-qe qe ©)

(proof)

declare [[simp-depth-limit = 9]]

lemma [I-lift-dnf-qe-anormal:

assumes as. Va € set as. dependsyg a = qfree(qe as)

and Aas. Va € set as. dependsy a A anormal a => normal(ge as)
and Azs as. Va € set as. dependsy a A anormal a => is-dnf-qe qe as
shows normal f = I (lift-dnf-qe gqe ) xs = I f s

(proof)

declare [[simp-depth-limit = 501

lemma [-lift-dnf-qe-anormal2:

assumes qe : lists dependsy — qfree

and ge : lists(dependsg N anormal) — normal

and VY as € lists(dependsy N anormal). is-dnf-ge ge as
shows normal f = I (lift-dnf-qe qe f) zs = I f xs
(proof)

2.1.2 NNF-based

fun lift-nnf-ge :: (‘a fm = 'a fm) = 'a fm = 'a fm where
lift-nnf-ge ge (And p1 v2) = and (lift-nnf-qe ge ©1) (lift-nnf-qe ge p2) |



lift-nnf-ge ge (Or o1 w2) = or (lift-nnf-qge ge p1) (lift-nnf-ge ge 2) |
lift-nnf-qe qe (Neg ¢) = neg(lift-nnf-ge ge ¢) |

lift-nnf-ge qe (ExQ ¢) = qe(nnf (lift-nnf-qe qe ¢)) |

lift-nnf-qe qge p = ¢

lemma gfree-lift-nnf-qge: (\p. ngfree p = qfree(qge p))
= ¢free(lift-nnf-qe qe @)
(proof)

lemma qfree-lift-nnf-qe2:
ge : ngfree — qfree = qfree(lift-nnf-qe ge @)
(proof )

lemma [-lift-nnf-qe:

assumes Ay. ngfree ¢ = gfree(qe @)

and Azs ¢. ngfree ¢ = I (qe ) xs = (3z. I ¢ (zF#1s))
shows I (lift-nnf-ge ge @) zs = I ¢ xs

(proof)

lemma [-lift-nnf-qe2:

assumes qe : ngfree — qfree

and ALL ¢ : ngfree. ALL zs. I (ge ¢) xs = (Jz. I ¢ (z#xs))
shows I (lift-nnf-ge ge @) zs = I ¢ xs

(proof)

lemma normal-lift-nnf-qe:

assumes A\p. ngfree ¢ = qfree(qe )

and  Ag. ngfree ¢ = normal ¢ = normal(qe ¥)
shows normal ¢ = normal(lift-nnf-ge qe p)

(proof)

lemma [-lift-nnf-ge-normal:

assumes Ap. ngfree ¢ = ¢free(qe v)

and Ap. ngfree ¢ = normal ¢ = normal(ge p)

and Azs ¢. normal ¢ = ngfree p = I (ge p) zs = (3z. I ¢ (z#as))
shows normal ¢ = I (lift-nnf-qe qe ¢) s = I ¢ x5

(proof)

lemma [I-lift-nnf-ge-normal2:

assumes qe : ngfree — qfree

and qe : ngfree N normal — normal

and ALL ¢ : normal Int nqfree. ALL zs. I (qe @) xs = (3x. I ¢ (x#xs))
shows normal ¢ = I (lift-nnf-qe qe ) xs = I ¢ s

(proof)

end

10



2.2 With equality

DNF-based quantifier elimination can accommodate equality atoms in a
generic fashion.

locale ATOM-EQ = ATOM +

fixes solvableg :: 'a = bool

and trivial :: 'a = bool

and substy :: 'a = 'a = 'a

assumes substg:
[ solvabley eq; —trivial eq; I, eq (z#xs); dependsy a |
= I, (substy eq a) xs = I, a (z#xs)

and trivial: trivial eq = 1, eq s

and solvable: solvabley eq = Jx. I, eq (x#xs)

and is-triv-self-subst: solvabley eq = trivial (substy eq eq)

begin

definition lift-eq-ge :: ('a list = 'a fm) = 'a list = 'a fm where
lift-eq-qe qe as =

(let as = [a—as. = trivial a
in case [a<as. solvabley a] of
[| = qe as
| eq # eqs =
(let inegs = [a+—as. — solvabley al

in list-conj (map (Atom o (substy eq)) (eqs Q inegs))))

theorem [-lift-eq-qe:

assumes dep: V a€set as. dependsy a

assumes ge: Nas. (Va € set as. dependsy a A — solvabley a) =
I (ge as) zs = (3z. Va € set as. I, a (x#xs))

shows I (lift-eq-qe qe as) zs = (Fz. Va € set as. I, a (z#xs))
(is 7L = ?R)

(proof)

definition lift-dnfeq-qe = lift-dnf-qe o lift-eq-qe

lemma gfree-lift-eq-qe:
(Nas. Y a€set as. dependsg a = qfree (qe as)) =
YV a€set as. dependsg a = qfree(lift-eq-ge ge as)

{proof)

lemma gfree-lift-dnfeq-ge: (\as. (V a€set as. dependsy a) = qfree(qge as))
= qfree(lift-dnfeq-qe qe ¢)
{proof)

lemma [-lift-dnfeq-qe:
(Aas. (Va € set as. dependsy a) = qfree(ge as)) =
(ANas. (Va € set as. dependsg a A = solvabley a) = is-dnf-ge qe as) =
I (lift-dnfeq-qe qe ) zs = I ¢ xs

11



(proof)

lemma [-lift-dnfeq-qe2:
qge : lists dependsg — qfree =
(Vas € lists(dependsy N —solvabley). is-dnf-ge ge as) =
I (lift-dnfeq-qe qe ) zs = I ¢ xs

(proof )

end

end

3 DLO

theory DLO
imports QF Complex-Main
begin

3.1 Basics
consts-code undefined ((raise Match))

class dlo = linorder +
assumes dense: z < z = Jy. s <y Ay < z
and no-ub: Ju. x < v and no-lb: 1. | < x

instance real :: dlo

(proof)

datatype atom = Less nat nat | Eq nat nat

fun is-Less :: atom = bool where
is-Less (Less i j) = True |
is-Less f = False

abbreviation is-Eq = Not o is-Less

lemma is-Less-iff: is-Less a = (3ij. a = Less i j)

(proof)

lemma is-Eq-iff: (Vij. a # Lessij) = (ij. a = Eqij)
(proof)

lemma not-is-Eq-iff: (Vij. a # Eqij) = (3ij. a = Less i j)
(proof)

fun negq;, :: atom = atom fm where
negaio (Less i j) = Or (Atom(Less ji)) (Atom(Eq ij)) |
negaio (Eqij) = Or (Atom(Less i j)) (Atom(Less j 1))

12



fun 14, :: atom = ’a::dlo list = bool where
Taio (Eqij) zs = (asli = xslj) |
Taio (Less i 7) xs = (wsli < wxsly)

fun dependsg;, :: atom = bool where
dependsqio(Eqij) = (i=0 | j=0) |
dependsqio(Less i j) = (1=0 | 7=0)

fun decry;, :: atom = atom where
decrqr, (Lessij) = Less (i — 1) (j — 1) |
decraio (Eqij)=Eq (i — 1) (j — 1)

definition [code del]: nnf = ATOM .nnf negqio

definition [code del]: qelim = ATOM .qelim dependsq;, decrqio

definition [code del]: lift-dnf-ge = ATOM .lift-dnf-qe negqio dependsqio decraio
definition [code del]: lift-nnf-qe = ATOM .lift-nnf-qe negq;o

hide const nnf gelim lift-dnf-qe lift-nnf-qe
lemmas DLO-code-lemmas = nnf-def gelim-def lift-dnf-qe-def lift-nnf-qe-def

interpretation DLO!:
ATOM negqio (Aa. True) 14, dependsqi, decrqio
(proof)

lemmas [folded DLO-code-lemmas, code] =
DLO.nnf.simps DLO.qelim-def DLO.lift-dnf-qe.simps DLO.lift-dnf-qe.simps

(ML)

definition lbounds where lbounds as = [i. Less (Suc i) 0 «— as]
definition ubounds where ubounds as = [i. Less 0 (Suc i) < as]
definition ebounds where

ebounds as = [i. Eq (Suc i) 0 «— as] Q [i. Eq 0 (Suc i) — as]

lemma set-lbounds: set(lbounds as) = {i. Less (Suc i) 0 : set as}

(proof)

lemma set-ubounds: set(ubounds as) = {i. Less 0 (Suc i) : set as}
(proof)
lemma set-ebounds:

set(ebounds as) = {k. Eq (Suc k) 0 : set as V Eq 0 (Suc k) : set as}

(proof)

abbreviation LB f xs = {zsli|i. Less (Suc i) 0 : set(DLO.atomsq f)}
abbreviation UB f xs = {as!i|i. Less 0 (Suc i) : set(DLO.atomsq f)}
definition FQ f zs = {xs!kl|k.

Eq (Suc k) 0 : set(DLO.atomsg f) V Eq 0 (Suc k) : set(DLO.atomsg f)}

13



lemma FQ-And[simp]: EQ (And f g) xs = (EQ fxs Un EQ g xs)
(proof)

lemma EQ-Or[simp]: EQ (Or f g) zs = (EQ fxs Un EQ g xs)
(proof )

lemma EQ-conv-set-ebounds:
z € EQ fas = (Fecset(ebounds(DLO.atomsg f)). © = zsle)
(proof )

fun isubst where isubst k 0 = k | isubst k (Suc i) = i

fun asubst :: nat = atom = atom where
asubst k (Less i j) = Less (isubst k i) (isubst k 7)]
asubst k (Eq i j) = Eq (isubst k 1) (isubst k j)

abbreviation subst ¢ k = map g, (asubst k) ¢

lemma [-subst:
gfree f = DLO.I (subst f k) zs = DLO.I f (zs'k # xs)
(proof)

fun amin-inf :: atom = atom fm where
amin-inf (Less - 0) = FalseF |

amin-inf (Less 0 -) = TrueF |

amin-inf (Less (Suc i) (Suc j)) = Atom(Less i j) |
amin-inf (Eq 0 0) = TrueF |

amin-inf (Eq 0 -) = FalseF |

amin-inf (Eq - 0) = FalseF |

amin-inf (Eq (Suc i) (Suc 7)) = Atom(Eq i j)
abbreviation min-inf :: atom fm = atom fm (inf_) where
inf_ = amap f, amin-inf

fun aplus-inf :: atom = atom fm where

aplus-inf (Less 0 -) = FalseF |

aplus-inf (Less - 0) = TrueF |

aplus-inf (Less (Suc i) (Suc j)) = Atom(Less ij) |
aplus-inf (Eq 0 0) = TrueF |

aplus-inf (Eq 0 -) = FalseF |

aplus-inf (Eq - 0) = FalseF |

aplus-inf (Eq (Suc i) (Suc j)) = Atom(Eq i j)

abbreviation plus-inf :: atom fm = atom fm (inf,) where
nfy = amap f, aplus-inf
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lemma min-inf:
ngfree f = Jz. Vy<z. DLO.I (inf_ ) xs = DLO.I f (y # xs)
(is -= Jz. ?P fx)

(proof)

lemma plus-inf:
ngfree f = JaxNy>zx. DLO.I (infy f) s = DLO.I f (y # xs)
(is - = 3Jz. 9P fz)

(proof)

declare][simp-depth-limit=2]]

lemma LBex:

[ ngfree f; DLO.I f (z#xs); "DLO.I (inf_ f) zs; x ¢ EQ fxs |
= dle LB fxs. Il < x

(proof)

lemma UBex:
[ ngfree f; DLO.I f (z#xs); “DLO.I (infy f) zs; © ¢ EQ fxs ]
= Jdue€ UBfuzs.z < u

{proof)
declare[[simp-depth-limit=50]]

lemma finite-LB: finite(LB f xs)
(proof)

lemma finite-UB: finite(UB f xs)
{(proof)

lemma gfree-amin-inf: gfree (amin-inf a)

{proof)

lemma qfree-min-inf: nqfree ¢ = qfree(inf _ )

(proof)

lemma gfree-aplus-inf: qfree (aplus-inf a)
(proof)

lemma gfree-plus-inf: nqfree ¢ = qfree(inf ©)

(proof)

end

theory QFEdlo
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imports DLO ~~ /src/ HOL/ ex / Reflection
begin

3.2 DNPF-based quantifier elimination

definition ge-dlo; :: atom list = atom fm where
qe-dloy as =
(if Less 0 0 € set as then FalseF else
let Ibs = [i. Less (Suc i) 0 « as]; ubs = [j. Less 0 (Suc j) < as];
pairs = [Atom(Less i j). i < lbs, j < ubs]
in list-conj pairs)

theorem I-ge-dloy:
assumes less: Va € set as. is-Less a and dep: VY a € set as. dependsg, a
shows DLO.I (ge-dloy as) zs = (Fz. Va € set as. 14, a (z#xs))
(is L = %R)
(proof)

lemma [I-ge-dlo;-pretty:
Va € set as. is-Less a A dependsq;, a = DLO.is-dnf-qe - ge-dloy as
(proof)

definition subst :: nat = nat = nat = nat where
subst i j k = (if k=0 then if i=0 then j else i else k) — 1
fun substy :: atom = atom = atom where
substy (Eq ij) a = (case a of

Less m n = Less (subst i j m) (subst i jn)
| Eg mn = Eq (substijm) (substijn))

lemma substy-pretty:
substy (Eq i j) (Less m n) = Less (subst i j m) (subst i j n)
substy (Eq i) (Eq m n) = Eq (subst i j m) (subst ijn)
(proof)
interpretation DLO.!:
ATOM-EQ negaio (Ma. True) 141, dependsqi, decrqio
(AEqij = i=0 V j=0 | a = Fulse)
(AEq ij = i=j | a = False) substy
(proof)
(M)

definition ge-dlo = DLO..lift-dnfeq-qe qe-dlo,
lemma gfree-ge-dloy: qfree (ge-dloy as)
(proof)

theorem I-ge-dlo: DLO.I (ge-dlo ¢) zs = DLO.I ¢ xs
(proof)

theorem ¢free-qe-dlo: qfree (ge-dlo )
(proof)
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end

theory QFEdlo-ex imports QFEdlo
begin

definition interpret :: atom fm = 'a::dlo list = bool where
interpret = Logic.interpret I 4,

lemma interpret-Atoms:
interpret (Atom (Eqij)) xs = (wsli = zslj)
interpret (Atom (Less ij)) xs = (wsli < zslj)
(proof)

lemma interpret-others:
interpret (Neg(Ez@Q (Neg f))) zs = (Vz. interpret f (z#xs))
interpret (Or (Neg f1) f2) xzs = (interpret f1 xs — interpret f2 xs)
(proof)

lemmas reify-eqs|reify] =
Logic.interpret.simps(1,2,4—7)[of Laio, folded interpret-def]
interpret-others interpret-Atoms

corollary [reflection]: interpret (qe-dlo f) xs = interpret f xs

(proof)

(ML)

declare [ 4;,.5imps(2)[code del]
declare Logic.interpret.simps|code del]
declare Logic.interpret.simps(1—2)[code]

3.3 Examples

lemma Vz:real. - 2z < x
(proof)

lemmaVzyured. 3z. 2 <y —z<z&z<y

(proof)
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lemma Vz:real. - 2z < x
(proof)

lemmaVzyured. 3z. 2 <y —z<z&z<y

(proof)

lemma —~(3z y z. Vuureal. 2 < z | 7 z<u | 2<y & y<z & - 2<2)
(proof)

lemma ge-dlo(AllQ (Imp (Atom(Less 0 1)) (Atom(Less 1 0)))) = FalseF
(proof)

lemma ge-dlo(AlQ(AIQ (Imp (Atom(Less 0 1)) (Atom(Less 0 1))))) = TrueF
(proof)

lemma
qe-dlo(AllQ(EzQ(ANQ (And (Atom(Less 2 1)) (Atom(Less 1 0)))))) = FalseF

(proof)

lemma ge-dlo(AllQ(ExQ(ExQ (And (Atom(Less 1 2)) (Atom(Less 2 0)))))) =
TrueF

{proof)

lemma
ge-dlo(AllQ(AUQ(ExQ (And (Atom(Less 1 0)) (Atom(Less 0 2)))))) = FalseF

(proof)

lemma ge-dio(AlQ(AIQ(ExQ (Imp (Atom(Less 1 2)) (And (Atom(Less 1 0))
(Atom(Less 0 2))))))) = TrueF

(proof)

normal-form ge-dlo(AllQ (Imp (Atom(Less 0 1)) (Atom(Less 0 2))))

end

theory QFEdlo-fr
imports DLO
begin

3.4 Interior Point Method

This section formalizes a new quantifier elimination procedure based on the
idea of Ferrante and Rackoff [2] (see also §5.3) of taking a point between
each lower and upper bound as a test point. For dense linear orders it is not
obvious how to realize this because we cannot name any intermediate point
directly.
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fun asubsts :: nat = nat = atom = atom fm where

asubsty | u (Less 0 0) = FalseF |

asubsty | u (Less 0 (Suc 7)) = Or (Atom(Less u 7)) (Atom(Eq u j)) |
asubsty L u (Less (Suc i) 0) = Or (Atom(Less i 1)) (Atom(Eq il)) |
asubsty | u (Less (Suc i) (Suc j)) = Atom(Less ij) |

asubsty L u (Eq 0 0) = TrueF |

asubsty lu (Eq 0 -) = FalseF |

asubsty l u (Eq - 0) = FalseF |

asubsts L u (Eq (Suc i) (Suc j)) = Atom(Eq i j)

abbreviation substy [ u = amap, (asubsts | u)

lemma I-substs1:
ngfree f = xs!l < xslu = DLO.I (substs L u f) zs
= asll < 2 = 2z < aslu = DLO.I f (z#xs)

(proof)

definition
nolub fas lz v —— (Vye{l<.<z}. y ¢ LB fas) AN (Vye{z<..<u}. y ¢ UB f xs)

lemma nolub-And[simp]:
nolub (And f g) zs lx v = (nolub fzs 1z u A nolub g zs | z u)
(proof )

lemma nolub-Or|[simp):
nolub (Or fg) xs lxu = (nolub fzs l z u A nolub g zs | x u)

(proof)

declare][simp-depth-limit=23]]

lemma innermost-intul:

[ ngfree f; nolub fas lzu; 1 < x; x < u; x ¢ EQ f xs;
DLO.If (z#xs); 1 < y; y < u]
= DLO.If (y#us)

(proof)

lemma I-substs2:

ngfree f = xsll < x Az < xzslu = nolub f xs (ws!l) z (zs'u)
= Vae{asll <.< xslu}. DLOI f (z#xs) Az ¢ EQ fxs

= DLO.I (substs lu f) zs

(proof)
declare|[simp-depth-limit=>50]]

definition

ge-interior; ¢ =

(let as = DLO.atomsg @; lbs = lbounds as; ubs = ubounds as; ebs = ebounds as;
intrs = [And (Atom(Less | u)) (substa 1 u @). l<1bs, u—ubs]

in list-disj (inf_ @ # infy @ # intrs Q map (subst @) ebs))

lemma dense-interval:
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assumes finite L finite Ul : Lu: Ul < zx < u P(z::'a::dlo)
and dense: Ay lu. [Vye{l<.<z}. y ¢ L; Vye{z<.<u}. y ¢ U;
I<zjz<u; I<y;y<u ] = Py
shows 3leL3uelU. i<z A z<u A (Vye{i<.<z}. y¢L) A Vye{z<.<u}. y¢U)
ANy l<y AN y<u — P y)
(proof )

theorem I-interior:

assumes ngfree ¢ shows DLO.I (ge-interior; ¢) s = (EX z. DLO.I ¢ (z#1s))
(is ?QE = 7EX)

(proof)

lemma qfree-asubsta: qfree (asubsts | u a)

{(proof)

lemma gfree-substy: ngfree ¢ = qfree (substs L u @)
(proof )

lemma gfree-interior!: nqgfree ¢ = qfree(qe-interior; ©)

(proof)

definition ge-interior = DLO.lift-nnf-qe qe-interiory

lemma gfree-qe-interior: qfree(qe-interior )

(proof)

lemma I-ge-interior: DLO.I (qe-interior @) zs = DLO.I ¢ xs
(proof)

end

theory QFEdlo-inf
imports DLO
begin

3.5 Quantifier elimination with infinitesimals

This section presents a new quantifier elimination procedure for dense linear
orders based on (the simulation of) infinitesimals. It is a fairly straightfor-
ward adaptation of the analogous algorithm by Loos and Weispfenning for
linear arithmetic described in §5.4.

fun asubst-peps :: nat = atom = atom fm (asubsty) where

asubst-peps k (Less 0 0) = FalseF |

asubst-peps k (Less 0 (Suc 7)) = Atom(Less k j) |

asubst-peps k (Less (Suc i) 0) = (if i=k then TrueF
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else Or (Atom(Less i k)) (Atom(Eq i k))) |
asubst-peps k (Less (Suc i) (Suc j)) = Atom(Less ij) |
asubst-peps k (Eq 0 0) = TrueF |
asubst-peps k (Eq 0 -) = FalseF |
asubst-peps k (Eq - 0) = FalseF |
asubst-peps k (Eq (Suc i) (Suc j)) = Atom(Eq i j)

abbreviation subst-peps :: atom fm = nat = atom fm (subst;) where
substy ¢ k = amap g, (asubsty k) ¢

definition nolb ¢ zs lz = (Vye{l<..<z}. y ¢ LB ¢ xs)

lemma nolb-And|[simp]:
nolb (And v1 @2) xs Lz = (nolb v1 zs Lz A nolb @o xs | x)

(proof)

lemma nolb-Or[simp]:
nolb (Or p1 @2) xs Lz = (nolb p1 zs Lz A nolb o xs | z)

(proof)

declare|[simp-depth-limit=23]]

lemma innermost-intol:

[ ngfree @; nolb p zs lz; 1 < x; x ¢ EQ ¢ xs; DLO.I ¢ (z#xs); | < y; y < z]
= DLO.I ¢ (y#us)

(proof )

lemma I-subst-peps2:

ngfree ¢ = xsll < x = nolb v xs (wsll) v = = ¢ EQ ¢ x5
= Vy € {asll <.. z}. DLO.I ¢ (y#us)

= DLO.I (substy ¢ 1) xs

(proof)
declare][simp-depth-limit=>50]]

lemma dense-interval:

assumes finite L1 € L1 < z P(z::'a::dlo)

and dense: Ny l. [Vye{l<.<z}. y ¢ L; I<z; I<y; y<z ] = Py
shows Jlel. i<z A (Vye{l<.<z}. y ¢ L) AN (Vy. I<y AN y<z — P y)
(proof )

lemma I-subst-peps:
ngfree p = DLO.I (substy ¢ 1) s —
(Fleps>asll. Va. asll < ¢ AN x < leps — DLO.I ¢ (x#xs))

{proof)

definition
ge-epsi(p) =
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(let as = DLO.atomsg @; lbs = lbounds as; ebs = ebounds as
in list-disj (inf_ @ # map (substy ¢) lbs @ map (subst @) ebs))

theorem [-ge-epsi:

assumes ngfree ¢ shows DLO.I (ge-eps; ) xs = (3z. DLO.I ¢ (z#xs))
(is 7QE = ?EX)

(proof)

lemma qfree-asubst-peps: qfree (asubsty k a)

(proof)

lemma gfree-subst-peps: ngfree ¢ = qfree (substy ¢ k)
(proof)

lemma gfree-qe-epsy: ngfree ¢ = qfree(ge-epsy @)

(proof)

definition ge-eps = DLO.lift-nnf-qe qe-epsy

lemma gfree-qe-eps: qfree(qe-eps )
{proof )

lemma I-ge-eps: DLO.I (qe-eps @) zs = DLO.I ¢ zs
(proof)

end

4 Lists as vectors

theory ListVector
imports List Main
begin

A vector-space like structure of lists and arithmetic operations on them. Is
only a vector space if restricted to lists of the same length.

Multiplication with a scalar:
abbreviation scale :: (‘a::times) = 'a list = 'a list (infix *, 70)

where z x5 £s = map (op * z) s

lemma scalel [simp]: (1::'a::monoid-mult) x5 s = s
(proof )
4.1 + and —

fun zipwith0 :: ('a::zero = 'biizero = 'c¢) = 'a list = 'b list = 'c list
where
zipwith0 f [ [| =[] |
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zipwith0 f (z#txs) (y#ys) = fx y # zipwithO f zs ys |
zipwithO f (x#xs) [| = fx 0 # zipwithO fas || |
zipwith0 f [] (y#ys) = f 0y # zipwith0 f [] ys

instantiation list :: ({zero, plus}) plus
begin

definition
list-add-def: op + = zipwith0 (op +)

instance (proof)
end

instantiation list :: ({zero, uminus}) uminus
begin

definition
list-uminus-def: uminus = map uminus

instance (proof)
end

instantiation list :: ({zero,minus}) minus
begin

definition
list-diff-def: op — = zipwith0 (op —)

instance (proof)
end

lemma zipwithO-Nil[simp|: zipwithO f || ys = map (f 0) ys
(proof)

lemma list-add-Nil[simp]: [| + zs = (zs::'a::monoid-add list)
(proof )

lemma list-add-Nil2[simp): zs + [| = (@s::'a::monoid-add list)
(proof)

lemma list-add-Cons[simp]: (z#xs) + (y#ys) = (x+y)#(zs+ys)
(proof)

lemma list-diff-Nil[simp]: [| — xs = —(xs::"a::group-add list)
(proof)
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lemma list-diff-Nil2[simp]: zs — [| = (ws::'a::group-add list)
{proof)

lemma list-diff-Cons-Cons[simp]: (z#xs) — (y#ys) = (z—y)#(zs—ys)
(proof)

lemma list-uminus-Cons[simp]: —(z#zs) = (—z)#(—xs)
(proof)

lemma self-list-diff :
xs — xs = replicate (length(zs::'a::group-add list)) 0
(proof)

lemma list-add-assoc: fixes zs :: 'a::monoid-add list
shows (zs+ys)+zs = zs+(ys—+zs)
(proof)

4.2 Inner product

definition iprod :: 'a::ring list = 'a list = 'a ({-,-)) where
(zs,ys) = (32 (z,y) « zip x5 ys. zxy)

lemma iprod-Nil[simp]: ([],ys) = 0
(proof)

lemma iprod-Nil2[simp]: (xs,[]]) = 0
(proof)

lemma iprod-Cons[simp|: (x#xs,y#ys) = xxy + (zs,ys)
(proof )

lemma iprod0-if-coeffs0: ¥V c€set cs. ¢ = 0 = (cs,xs) = 0
(proof)

lemma iprod-uminus[simp): (—xs,ys) = —{xs,ys)

(proof)

lemma iprod-left-add-distrib: (zs + ys,zs) = (zs,zs) + (ys,zs)
(proof)

lemma iprod-left-diff-distrib: (zs — ys, zs) = (xs,zs) — (ys,zs)
(proof)

lemma iprod-assoc: (x %5 xs, ys) = x * (xs,ys)

(proof)

end
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5 Linear real arithmetic

theory LinArith
imports QF ListVector Complex-Main
begin

declare iprod-assoc[simp]

5.1 Basics

5.1.1 Syntax and Semantics

datatype atom = Less real real list | Eq real real list

fun is-Less :: atom = bool where
is-Less (Less v 1s) = True |
is-Less [ = Fulse

abbreviation is-EFq = Not o is-Less

lemma is-Less-iff: is-Less f = (3r rs. f = Less r rs)
(proof)

lemma is-Eq-iff: (Vij. a # Lessij) = (3ij. a = Eqij)
(proof)

fun negg :: atom = atom fm where
negr (Less rt) = Or (Atom(Less (—r) (—t))) (Atom(Eq r t)) |
negr (Eq rt) = Or (Atom(Less r t)) (Atom(Less (—r) (—t)))

fun hd-coeff :: atom = real where
hd-coeff (Less r cs) = (case cs of [| = 0 | ¢c#-= ¢) |
hd-coeff (Eq 1 cs) = (case cs of [| = 0| c#- = ¢)

definition dependsr a = (hd-coeff a # 0)
fun decrg :: atom = atom where

decrr (Less v 1s) = Less r (tl rs) |

decrg (Eqrrs) = Eqr (t rs)

fun I'r :: atom = real list = bool where

Ip (Less 1 cs) xs = (r < (cs,s)) |

Ir (Eqrcs) xzs = (r = (cs,xs))

definition atomsy = ATOM .atomsg dependsgr

interpretation R!: ATOM negr (Aa. True) Ip dependsg decrp
where ATOM .atomsgy dependsr = atomsg

(proof)
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(ML)

5.1.2 Shared constructions

fun combine :: (real % real list) = (real * real list) = atom where
combine (r1,cs1) (re,cs2) = Less (r1—ra) (csa — cs1)

definition lbounds as = [(r/c, (—1/c) *s cs). Less r (c#cs) «— as, ¢>0]
definition ubounds as = [(r/c, (—1/¢) x5 cs). Less r (c#cs) «— as, ¢<0]
definition ebounds as = [(r/c, (—1/c¢) *s cs). Eqr (c#cs) — as, c£0]

lemma set-lbounds:

set(lbounds as) = {(r/c, (—1/c) x5 cs)|r ¢ cs. Less r (c#cs) : set as A ¢>0}
(proof)
lemma set-ubounds:

set(ubounds as) = {(r/c, (—1/¢) *5 cs)|r ¢ cs. Less v (c#tcs) : set as A <0}
(proof)
lemma set-ebounds:

set(ebounds as) = {(r/c, (—1/¢) x5 cs)|r ¢ cs. Eqr (c#cs) : set as N c£0}
(proof)

abbreviation FQ where

EQ fxzs = {(r — (cs,xs))/c|r ¢ ¢s. Eqr (cftcs) : set(R.atomsy f) N ¢£0}
abbreviation LB where

LB fazs = {(r — (cs,xs))/c|r ¢ cs. Less r (c#cs) : set(R.atomsg f) A ¢>0}
abbreviation UB where

UB fas = {(r — (es,zs))/c|r c cs. Less r (c#cs) : set(R.atomsg f) A ¢<0}

fun asubst :: real * real list = atom = atom where

asubst (r,cs) (Less s (d#ds)) = Less (s — dxr) (d *5 cs + ds) |
asubst (r,cs) (Eq s (d#ds)) = Eq (s — dxr) (d #s cs + ds) |
asubst (r,cs) (Less s []) = Less s ] |

asubst (r,cs) (Eqs[]) = Eq s |]

abbreviation subst ¢ rcs = map f,, (asubst rcs) ¢

definition eval :: real * real list = real list = real where
eval rcs xs = fst res + (snd res,xs)

lemma [-asubst:
Ig (asubst t a) zs = Ip a (eval t xs # xs)

(proof)

lemma I-subst:
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gfree ¢ = R.I (subst ¢ t) s = R.I ¢ (eval t xs # xs)
(proof)

lemma [I-subst-pretty:
qfree p = R.I (subst ¢ (r,cs)) zs = R.I ¢ ((r + (cs,xs)) # x5)
(proof)

fun min-inf :: atom fm = atom fm (inf_) where
inf— (And @1 @2) = and (inf_ ¢1) (inf— p2) |
inf— (Or @1 p2) = or (inf— ¢1) (inf— ¢2) |
inf _ (Atom(Less r (c#cs))) =

(if <0 then TrueF else if ¢>0 then FalseF else Atom(Less r cs)) |
inf_ (Atom(Eq r (c#cs))) = (if ¢=0 then Atom(Eq r cs) else FalseF) |
inf_ o=

fun plus-inf :: atom fm = atom fm (inf,) where
inf + (And p1 p2) = and (inf 4 1) (inf+ ¢2) |
inf 1+ (Or @1 p2) = or (inf4 ¢1) (inf4 p2) |
infy (Atom(Less v (c#cs))) =

(if ¢>0 then TrueF else if ¢<0 then FalseF else Atom(Less r cs)) |
inf+ (Atom(Eq r (c#cs))) = (if ¢=0 then Atom(Eq r cs) else FalseF) |
infi @ =¢

lemma gfree-min-inf: gfree ¢ = qfree(inf_ @)
(proof )

lemma gfree-plus-inf: qfree ¢ => qfree(inf @)

{proof)

lemma min-inf:
ngfree f = Jz. Vy<z. R.I (inf_ f) zs = R.If (y # xs)
(is - = Jz. ?P fx)

{proof)

lemma plus-inf:
ngfree f = . Vy>x. R.I (infy f) xs = RIf (y # xs)
(is - = Jz. ?P f )

(proof)

declare [[simp-depth-limit = 2]]
lemma LBex:

[ ngfree f; R.If (z#xs); ~R.I (inf_ f) xs; x ¢ EQ fas ]
= dle LBfzs. Il <=z

(proof)

lemma UBex:
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[ ngfree f; R.If (z#xs); ~R.I (inf4 f) xs; x ¢ EQ fas |
= Jue UBfzs.x < u

(proof)
declare [[simp-depth-limit = 50

lemma finite-LB: finite(LB f xs)
(proof)

lemma finite-UB: finite(UB f xs)
(proof)

end

theory QFElin
imports LinArith
begin

5.2 Fourier

definition ge-FM;y :: atom list = atom fm where
ge-FM1 as = list-conj [Atom(combine p q). p—lbounds as, g—ubounds as]

theorem I-ge-FM:

assumes less: Va € set as. is-Less a and dep: Va € set as. dependsg a
shows R.I (qe-FM 1 as) zs = (3z.Va € set as. Ir a (z#xs)) (is ?L = ?R)
(proof)

corollary I-ge-FM 1 -pretty:
YVa € set as. is-Less a N\ dependsp a = R.is-dnf-qe qe-FM 1 as

(proof)

fun substg :: atom = atom = atom where
substy (Eq r (c#cs)) a = (case a of

Less s (d#tds) = Less (s — (rxd)/c) (ds — (d/c) x5 cs)
| Eq s (d#ds) = Eq (s — (rxd)/c) (ds — (d/c) *5 ¢s))

lemma substq-pretty:

substo (Eq r (c#cs)) (Less s (d#ds)) = Less (s — (rxd)/c) (ds — (d/c) *s cs)
<SUbsja> (Eq 1 (c#tcs)) (Eq s (d#ds)) = Eq (s — (r=d)/c) (ds — (d/c) *s cs)
Proo

lemma [-substy: dependsgp a = ¢ # 0 =
Ip (substy (Eq r (c#cs)) a) zs = Ir a ((r — (cs,xs))/c # xs)
(proof)
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interpretation R.!:
ATOM-EQ negr (Ma. True) Ig dependsgr decrp
(AEq - (c#-) = ¢ # 0 | - = False)
(AEq r cs = r=0 A (VY c€ set cs. ¢c=0) | - = False) subst
(proof)

definition ge-FM = R..lift-dnfeq-qe qe-FM1

lemma gfree-ge-FM: gfree (ge-FM; as)
(proof)

corollary I-ge-FM: R.I (qe-FM ) zs = R.I ¢ xs
(proof)

theorem qfree-qe-FM: gfree (ge-FM f)
(proof)

5.2.1 Tests
lemmas gesimps = qe-FM-def R..lift-dnfeq-qe-def R..lift-eq-qe-def R.qelim-def qe-FM 1 -def
lbounds-def ubounds-def list-conj-def list-disj-def and-def or-def depends g-def

lemma ge-FM(TrueF) = TrueF
(proof)

lemma
< qe—?é%(EwQ (And (Atom(Less 0 [1])) (Atom(Less 0 [—1])))) = Atom(Less 0 ])
Proo

lemma
qe-FM (EzQ (And (Atom(Less 0 [1])) (Atom(Less —1 [—1])))) = Atom(Less —1

)
{(proof)

end

theory QFElin-opt

imports QFlin

begin

5.2.2 An optimization

Atoms are simplified asap.

definition
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asimp a = (case a of
Less r cs = (if Yc€ set ¢s. ¢ =0
then if <0 then TrueF else FalseF
else Atom a) |
Eqrcs= (if Vce set ¢cs. c =0
then if r=0 then TrueF else FalseF' else Atom a))

lemma asimp-pretty:

asimp (Less r ¢s) =

(if Vce set cs. ¢ =0
then if r<0 then TrueF else FalseF
else Atom(Less r cs))

asimp (Eq r cs) =

(if Vee set cs. ¢ =0
then if r=0 then TrueF else FalseF
else Atom(Eq r cs))

(proof)

definition ge-F'Mo; :: atom list = atom fm where
ge-FMoy as = list-conj [asimp(combine p q). p—lbounds as, g—ubounds as]

lemma I-asimp: R.I (asimp a) xs = Ig a s

(proof)

lemma I-ge-FMoy: R.I (¢qe-FMoy as) zs = R.I (¢qe-FM 1 as) xs
(proof )

definition ge-FMo = R..lift-dnfeq-qe ge-FMo,

lemma gfree-ge-FMoy: gfree (¢qe-FMo; as)
(proof )

corollary I-qe-FMo: R.I (qe-FMo ¢) zs = R.I ¢ xs
(proof )

theorem qfree-ge-FMo: qfree (qge-F'Mo f)
(proof)

end

theory FRE
imports LinArith
begin
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5.3 Ferrante-Rackoff

This section formalizes a slight variant of Ferrante and Rackoft’s algorithm [2].
We consider equalities separately, which improves performance.

fun between :: real * real list = real * real list = real * real list
where between (r,cs) (s,ds) = ((r+s)/2, (1/2) *s (cs+ds))

definition FR; :: atom fm = atom fm where

FRy ¢ =

(let as = R.atomsg @; lbs = lbounds as; ubs = ubounds as; ebs = ebounds as;
intrs = [subst ¢ (between 1 u) . 1 — lbs, u «— ubs]

in list-disj (inf_ @ # inf @ # intrs Q map (subst ¢) ebs))

lemma dense-interval:

assumes finite L finite Ul : Lu: Ul < x 2 < u P(z::real)

and dense: Ay lu. [Vye{i<.<z}. y ¢ L; Vye{z<.<u}. y ¢ U;
I<myr<u; I<y;y<u ] = Py

shows FleL.IueclU. I<u A (Vy. I<y A y<u — P y)

(proof)

declare [[simp-depth-limit = 50

lemma dense:
[ ngfree f; Vye{l<.<z}. y ¢ LB fxs; Vye{z<..<u}. y ¢ UB f zs;
Il<zyz<u zé¢ EQfuas; RIf (x#xs);l < vy;y < u]
= R.If (y#uxs)
(proof)

theorem I-FR;:

assumes ngfree ¢ shows R.I (FRy ¢) zs = (3z. R.I ¢ (z#xs))
(is ?FR = 7EX)

(proof)

definition FR = R.lift-nnf-qe FRy

lemma gfree-FRy: ngfree ¢ = qfree (FRy ¢)
(proof )

theorem [-FR: R.I (FR ¢) zs = R.I ¢ xs
(proof)

theorem ¢free-FR: gfree (FR ¢)
(proof)

end
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theory QFElin-inf
imports LinArith
begin

5.4 Quantifier elimination with infinitesimals

This section formalizes Loos and Weispfenning’s quantifier elimination pro-
cedure based on (the simulation of) infinitesimals [3].

fun asubst-peps :: real * real list = atom = atom fm (asubst,) where
asubst-peps (r,cs) (Less s (d#ds)) =

(if d=0 then Atom(Less s ds) else

let u=15— dsr; v =d %5 cs + ds; less = Atom(Less u v)

in if d<0 then less else Or less (Atom(Eq u v))) |
asubst-peps res (Eq r (d#ds)) = (if d=0 then Atom(Eq r ds) else FalseF) |
asubst-peps rcs a = Atom a

abbreviation subst-peps :: atom fm = real * real list = atom fm (substy)
where substy ¢ rcs = amap, (asubsty res) ¢

definition nolb fxs l v = (Vye{l<..<z}. y ¢ LB f xs)

lemma nolb-And[simp]:
nolb (And f g) zs lxz = (nolb fzs Lz A nolb g xs l x)
(proof)

lemma nolb-Or|[simp]:
nolb (Or fg) zslxz = (nolb fzs lxz A nolb g xs | x)

(proof)

declare|[simp-depth-limit=23]]

lemma innermost-intol:
[ ngfree f; nolb faslz; |l < z; z ¢ EQ fxs; RIf (x#axs); | < y; y <
= R.I [ (y#uxs)

(proof)

definition FQ2 = EQ

lemma FEQ2-Or[simp]: EQ2 (Or f g) zs = (EQ2 f s Un EQ2 g xs)
(proof)

lemma EQ2-And[simp]: EQ2 (And f g) zs = (EQ2 fzs Un EQ2 g xs)
(proof)

lemma innermost-intvl2:
[ ngfree f; nolb fas lx; | < z; ¢ ¢ EQ2 fxs; RIf (x#xs); | < y; y < z]
= R.If (y#us)

(proof)

32



lemma I-subst-peps2:

nqfree f = r+(cs,zs) < © = nolb f xs (r+(cs,zs)) =
= Vy € {r+{cs,zs) <.. x}. R.If (y#xs) Ny ¢ EQ2 f xs
= R.I (substy f (r,cs)) s

(proof)
declare][simp-depth-limit=50]]

lemma [I-subst-peps:

ngfree f = R.I (substy f (r,cs)) zs =

(Fleps>r+(cs,zs). V. r+(cs,xs) < x ANz < leps — R.I f (x#uxs))
(proof)

lemma dense-interval:

assumes finite L1 € L 1 < z P(z:real)

and dense: Ay l. [Vye{l<.<z}. y ¢ L; I<z; I<y; y<z ] = Py
shows Jilel. i<z N (Vye{l<.<z}. y ¢ L) AN Vy. I<y AN y<z — P y)
(proof)

definition

ge-epsi(f) =
(let as = R.atomsg f; lbs = lbounds as; ebs = ebounds as
in list-disj (inf_ f # map (substy f) lbs @ map (subst f) ebs))

theorem I-epsi:

assumes ngfree f shows R.I (ge-epsy f) xs = (3z. R.I [ (z#uxs))
(is 7QE = ?EX)

(proof )

lemma gfree-asubst-peps: gfree (asubsti rcs a)

{(proof)

lemma gfree-subst-peps: ngfree ¢ = qfree (substy ¢ rcs)

{proof)

lemma gfree-qe-epsy: ngfree ¢ = qfree(ge-eps; @)

(proof)
definition ge-eps = R.lift-nnf-qe ge-epsy

lemma gfree-qe-eps: qfree(qge-eps )
{proof )

lemma I-ge-eps: R.I (ge-eps ¢) xs = R.I ¢ xs
(proof)

end
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6 Presburger arithmetic

theory PresArith
imports GCD QFE ListVector
begin

declare iprod-assoc[simp]

6.1 Syntax

datatype atom =
Le int int list | Dvd int int int list | NDvd int int int list

fun divisor :: atom = int where
divisor (Le i ks) = 1 |

divisor (Dvd d i ks) = d |

divisor (NDvd d i ks) = d

fun negz :: atom = atom fm where
negz (Le i ks) = Atom(Le (1—1) (—ks)) |
negz (Dvd d i ks) = Atom(NDuvd d i ks) |
negz (NDvd d i ks) = Atom(Dvd d i ks)

fun hd-coeff :: atom = int where

hd-coeff (Le i ks) = (case ks of [| = 0 | k#- = k) |
hd-coeff (Dvd d i ks) = (case ks of [] = 0 | k#- = k) |
hd-coeff (NDvd d i ks) = (case ks of [| = 0 | k#- = k)

fun decrz :: atom = atom where
decrz (Le i ks) = Le i (t ks) |

decrz (Dvd d i ks) = Dud d i (tl ks) |
decrz (NDvd d i ks) = NDvd d i (t ks)

fun Iz :: atom = int list = bool where
I; (Leiks) zs = (i < (ks,xs)) |

Iz (Dvd diks) xs = (d dvd i+(ks,zs)) |
Iz (NDvd d i ks) zs = (= d dvd i+(ks,zs))

definition atomsg = ATOM .atomsqy (Aa. hd-coeff a # 0)

interpretation Z!:
ATOM negz (Aa. divisor a # 0) Iz (Aa. hd-coeff a # 0) decry
where ATOM .atomsy (Aa. hd-coeff a # 0) = atomsg

(proof)

(ML)
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abbreviation
hd-coeff-is1 a =
(case a of Le - - = hd-coeff a : {1,—1} | - = hd-coeff a = 1)

fun asubst :: int = int list = atom = atom where

asubst i’ ks’ (Le i (k#ks)) = Le (i — kxi') (k x5 ks’ + ks) |

asubst i’ ks’ (Dvd d i (k#ks)) = Dvd d (i + kxi’) (k x5 ks’ + ks) |
asubst i’ ks’ (NDvd d i (k#ks)) = NDud d (i + kxi') (k x5 ks’ + ks) |
asubst i’ ks’ a = a

abbreviation subst :: int = nt list = atom fm = atom fm
where subst i ks = mapp, (asubst i ks)

lemma IZ-asubst: 17 (asubst i ks a) zs = Iz a ((i + (ks,zs)) # xs)
(proof)

lemma I-subst:
qfree o = Z.I ¢ ((i + (ks,zs)) # xs) = Z.I (subst i ks ) xs
(proof)

lemma divisor-asubst[simp): divisor (asubst i ks a) = divisor a

(proof)

definition lbounds as = [(i,ks). Le i (k#ks) «— as, k>0)]
definition ubounds as = [(i,ks). Le i (k#ks) < as, k<0)]
lemma set-lbounds:

set(lbounds as) = {(i,ks)|i k ks. Le i (k#ks) : set as N\ k>0}

(proof)
lemma set-ubounds:

set(ubounds as) = {(i,ks)|i k ks. Le i (k#ks) : set as N k<0}
(proof)

lemma lbounds-append|simp]: lbounds(as @ bs) = lbounds as @ lbounds bs

(proof)

6.2 LCM and lemmas

lemma zdiv-eq-0-iff :

(izint) divk = 0 «— k=0 VvV 0<i A i<k V i<0 A k<i
(proof )

lemma pos-imp-zdiv-pos-iff :
0<k = 0 < (izint) divk — k <4

(proof)

lemma zmod-le-nonneg-dividend: (m::int) > 0 = m mod k < m
(proof)
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fun zlems :: int list = int where
zlems [| = 1]
zlems (iftis) = lem i (zlems is)

lemma dvd-zlems: i : set is = i dvd zlems is

(proof)

lemma zlems-pos: Vi € set is. i#0 = zlems is > 0

(proof)

lemma zlemsO-iff [simp]: (zlems is = 0) = (0 : set is)
(proof)

lemma elem-le-zlcms: Vi € set is. i # 0 = i : set is => i < zlems is

(proof)

6.3 Setting coeffiencients to 1 or -1

fun hd-coeff! :: int = atom = atom where
hd-coeff1 m (Le i (k#ks)) =

(if k=0 then Le i (k#ks)

else let m’ = m div (abs k) in Le (m'«i) (sgn k # (m' x5 ks))) |
hd-coeffl m (Dvd d i (k4#ks)) =

(if k=0 then Duvd d i (k#ks)

else let m’ = m div k in Dvd (m'xd) (m'«i) (1 # (m’' *s ks))) |
hd-coeff1 m (NDvd d i (k#ks)) =

(if k=0 then NDuvd d i (k#tks)

else let m’ = m div k in NDvd (m'sd) (m’*i) (1 # (m’ x5 ks))) |
hd-coeffl - a = a

The def of hd-coeff! on Dvd and NDwd is different from the Le because
it allows the resulting head coefficient to be 1 rather than 1 or -1. We show
that the other version has the same semantics:
lemma [ £ # 0; kdvd m | =

Iz (hd-coeffl m (Dvd d i (k#ks))) (xz#e) = (let m’ = m div (abs k) in
Iz (Dvd (m’*d) (m'i) (sgn k # (m’' x5 ks))) (z#e))
(proof)

lemma [I-hd-coeff1-mult-a: assumes m>(

shows hd-coeff a dvd m | hd-coeff a = 0 = Iz (hd-coeffl m a) (mxzx#xs) = Iz
a (x#zs)

(proof)

lemma I-hd-coeff1-mult: assumes m>(0
shows ¢free ¢ =V a € set(Z.atomsy ). hd-coeff a dvd m =

Z.1 (mapgy, (hd-coeffl m) @) (mxz#tas) = Z.1 ¢ (z#zs)
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(proof)

end

theory QFEpres
imports PresArith
begin

6.4 DNF-based quantifier elimination

definition
hd-coeffs1 as =
(let m = zlems(map hd-coeff as)
in Dvd m 0 [1] # map (hd-coeffl m) as)

lemma I-hd-coeffs1:

assumes 0: YV a€set as. hd-coeff a # 0 shows
(z. Va € set(hd-coeffs! as). Iz a (z#as)) =
(z.Va € setas. [z a (z#xs)) (Is B = ?A)

(proof)

abbreviation is-dvd a = case a of Le - - = False | - = True

definition
ge-pres, as =
(let ds = filter is-dvd as; (d::int) = zlems(map divisor ds); ls = lbounds as
in if ls = ]

then Disj [0..d — 1] (An. list-conj(map (Atom o asubst n []) ds))

else

Disj ls (A(1i,lks).

Disj [0..d — 1] (An.
list-conj(map (Atom o asubst (li + n) (—Iks)) as))))

Note the optimization in the case Is = []: only the divisibility atoms are
tested, not the inequalities. This complicates the proof.

lemma I-cyclic:

assumes is-dvd a and hd-coeff a = 1 and ¢ mod divisor a = j mod divisor a
shows I a (i#e) = Iz a (j#e)

(proof)

lemma I-ge-pres:

assumes norm: Va € set as. divisor a # 0

and hd: YV a € set as. hd-coeff-is1 a

shows Z.I (qe-presy as) s = (Fz. Va€ set as. Iz a (z#xs))

(proof)

37



lemma divisors-hd-coeffs1:
assumes div0: YV a€set as. divisor a # 0 and hd0: V a€set as. hd-coeff a # 0
and a: a€set (hd-coeffsl as) shows divisor a # 0

(proof)

lemma hd-coeff-is1-hd-coeffs1:
assumes hd0: ¥ a€set as. hd-coeff a # 0
and a: a€set (hd-coeffs! as) shows hd-coeff-isl a

(proof)

lemma I-ge-pres;-o:

[Va € set as. divisor a # 0; ¥ a€set as. hd-coeff a # 0 ] =

Z.I ((qe-presy o hd-coeffsl) as) e = (Jz. Va€ set as. Iz a (z#e))
(proof )

definition ge-pres = Z.lift-dnf-qe (ge-presy o hd-coeffs1)

lemma gfree-ge-pres-o: gfree ((ge-presy o hd-coeffsl) as)

(proof)

lemma normal-qe-presy-o:
Ya € set as. hd-coeff a # 0 N divisor a # 0 =
Z.normal ((qe-presy o hd-coeffs1) as)

(proof )

theorem [I-pres-qe: Z.normal ¢ = Z.I (qe-pres ) s = Z.I ¢ xs
(proof)

theorem qfree-pres-ge: qfree (qe-pres f)
(proof)

end

theory Cooper
imports PresArith
begin

6.5 Cooper

This section formalizes Cooper’s algorithm [1].

lemma set-atoms0-iff:
gfree p = a : set(Z.atomsgy @) < a : atoms @ A hd-coeff a # 0

(proof)

definition
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hd-coeffs1 p =
(let m = zlems(map hd-coeff (Z.atomsg ¢))
in And (Atom(Dvd m 0 [1])) (mapp,, (hd-coeffl m) ¢))

lemma I-hd-coeffs1:

assumes ¢free ¢

shows (Fz. Z.I (hd-coeffsl @) (z#xs)) = (3z. Z.1 ¢ (x#uxs)) (is L = ?R)
(proof )

fun min-inf :: atom fm = atom fm (inf_) where
inf — (And 1 @3) = and (inf_ ¢1) (inf - p2) |
inf — (Or p1 p2) = or (inf_ p1) (inf— ¢2) |
inf — (Atom(Le i (k#ks))) =
(if k<0 then TrueF else if k>0 then FalseF else Atom(Le i (0#ks))) |
inf_ o=

definition
ge-coopery @ =
(let as = Z.atomsgy ¢; d = zlems(map divisor as); ls = lbounds as
in or (Disj [0..d — 1] (An. subst n [] (inf—- ¢)))
(Disj ls (A\(4,ks).
Disj [0..d — 1] (An. subst (i + n) (—ks) ¢))))

lemma min-inf:
ngfree f = V a€set(Z.atomsg f). hd-coeff-is1 a
= JazVy<a. Z.1 (inf_ f) (y # xs) = Z.If (y # xs)
(is - = - = Juz. ?P f 1)

{(proof)

lemma min-inf-repeats:
nqfree ¢ = VY a€set(Z.atomsg ¢). divisor a dvd d =
Z.I (inf_ ) ((x — kxd)#xs) = Z.I (inf_ ) (z#ws)
(proof)

lemma atoms-subset: gfree f = set(Z.atomso(f::atom fm)) < atoms f
(proof)

lemma g:
[ ngfree v; ¥V a€set(Z.atomsg ¢). hd-coeff-isl a;
Y a€set(Z.atomsg ). divisor a dvd d; d > 0;
—(3je{0 .. d — 1}. 3(i,ks) € set(lbounds(Z.atomsg ¥)).
x =1 — (ks,zs) + j); Z.I ¢ (z#uxs) ]
= Z.I ¢ ((z—d)#us)

39



{proof)

lemma periodic-finite-ex:
assumes dpos: (0::int) < d and modd: Ve k. Px = P(x — kxd)
shows (3z. Pz) = (3j€{0..d — 1}. Pj)
(is YLHS = ?RHS)

(proof)

lemma cpmi-eq: (0::int) < D = (2. Vz. 2 < z — (P z = P1 1))

— Va.~(3je{0..D — 1}. IbeB. P(b+j)) — P (z) — P (z — D)

= Vz.Vk. Pl x = P1(z—k«D)

= (Jz. P(z)) = ((3je{0..D — 1}. P1(j)) vV (3j€{0..D — 1}. FbeB. P(b+yj)))
(proof)

theorem cp-thm:

assumes ng: ngfree @

and u: YV a€set(Z.atomsy @). hd-coeff-is1 a

and d: YV a€set(Z.atomsg ¢). divisor a dvd d

and dp: d > 0

shows (3z. Z.I ¢ (z#xs)) =

(35e{0..d — 1}. Z.1I (inf_ ¢) (j#as) V

(3 (i,ks) € set(lbounds(Z.atomsg ¢)). Z.1 ¢ ((i — (ks,xs) + j) # xs)))

(is 3z. 7P (z)) = (3 je ?D. ?Mj v (3(i,ks)e ?B. 2P (2L i ks + 7))))
(proof)

lemma qfree-min-inf[simp|: qfree ¢ = qfree (inf_ @)

{(proof)

lemma I-ge-coopery:

assumes norm: Y a€atoms . divisor a # 0

and hd: ¥V a€set(Z.atomsg ¢). hd-coeff-is1 a and ngfree ¢
shows Z.I (ge-coopery ) xs = (3z. Z.I ¢ (z#xs))

(proof)

lemma divisor-hd-coeff1-neq0:

gfree ¢ = a € atoms ¢ = divisor a # 0 =

divisor (hd-coeff1 (zlems (map hd-coeff (Z.atomsg ¢))) a) # 0
(proof)

lemma hd-coeff-is1-hd-coeff1:
hd-coeff (hd-coeffl m a) # 0 — hd-coeff-is1 (hd-coeffl m a)
(proof)

lemma I-cooperi-hd-coeffs1: Z.normal ¢ = nqfree ¢
= Z.I (ge-coopery(hd-coeffs1 ¢)) xs = (3z. Z.I ¢ (z # xs))
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(proof)

definition ge-cooper = Z.lift-nnf-ge (ge-coopery o hd-coeffs1)

lemma gfree-cooperi-hd-coeffs1: qfree ¢ = qfree (qe-coopery (hd-coeffsl ¢))
(proof)

lemma normal-min-inf: Z.normal ¢ = Z.normal(inf_ )

(proof)

lemma normal-cooperl: Z.normal ¢ = Z.normal(ge-coopery ¢)

(proof)

lemma normal-hd-coeffs1: qfree ¢ = Z.normal ¢ = Z.normal(hd-coeffsl )
(proof)

theorem [I-cooper: Z.normal ¢ = Z.1I (qe-cooper @) s = Z.I ¢ xs

(proof)

theorem qfree-cooper: gfree (ge-cooper )

(proof)

end
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