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Abstract

This article formalizes normalization by evaluation as implemented
in Isabelle. Lambda calculus plus term rewriting is compiled into a
functional program with pattern matching. It is proved that the result
of a successful evaluation is a) correct, i.e. equivalent to the input, and
b) in normal form.

An earlier version of this theory is described in a paper by Aehlig et
al. [1]. The normal form proof is not in that paper.

1 Terms

types vname = nat
ml-vname = nat

types cname=int

ML terms:

datatype ml =
— ML

C-ML cname (C pp1.)
| V-ML ml-vname (V ps1)
| A-ML ml (ml list) (Apg)
| Lam-ML ml (Lam 1)
— the universal datatype
| Cuy cname (ml list)
| Vi vname (ml list)
| Clo ml (ml list) nat

— ML function apply
| apply ml ml

Lambda-terms:

datatype tm = C cname | V oname | A tm | At tm tm (infix - 100)
| term ml — ML function term

The following locale captures type conventions for variables. It is not
actually used, merely a formal comment.



locale Vars =

fixes r s t:: tm

and rs ss ts :: tm list
and u v w :: ml

and us vs ws :: ml list
and nm :: cname
and z :: vname

and X :: ml-vname

The subset of pure terms:

inductive pure :: tm = bool where
pure(C nm) |

pure(V z) |

Lam: pure t => pure(A t) |

pure s = pure t = pure(s-t)

declare pure.intros|simp]
declare Lam[simp del]

lemma pure-Lam[simp]: pure(A t) = pure t
proof

assume pure(A t) thus pure t

proof cases qed auto
next

assume pure t thus pure(A t) by(rule Lam)
qed

Closed terms w.r.t. ML variables:

fun closed-ML :: nat = ml = bool (closed ps7) where

closed yrr, i (Cpqr, nm) = True |

closedML 1 (VML X) = (X<Z) ‘

closed pyr, i (Appp, v vs) = (closed pr, i v A (Vv € set vs. closed yyy, i v)) |
closed yrr, i (Lampyp, v) = closed ppp, (i+1) v |

closed ppr, i (Cy nm vs) = (Yu € set vs. closed g @ v) |

closed ppr, i (Vy nmwvs) = (Yo € set vs. closed pr, i v) |

closed ppr, i (Clo fos n) = (closedyp, i f N (Vv € set vs. closed yp, i v)) |
closed pyr, @ (apply v w) = (closed pyp, i v A closed yry, @ w)

fun closed-tm-ML :: nat = tm = bool (closed ;) where
closed-tm-ML i (r-s) = (closed-tm-ML i r A closed-tm-ML i s) |
closed-tm-ML i (A t) = (closed-tm-ML i t) |

closed-tm-ML i (term v) = closed-ML i v |

closed-tm-ML i v = True

Free variables:

fun fv-ML :: ml = ml-vname set (fvy,;) where

foyr, (Cppg, nm) = {} |

foyr, (Vi X) = {X3} |

four (Apr, v vs) = fopp, v U (U € set vs. fopg v) |



foyr, (Lampp v) = {X. Suc X : fopg v} |

foyr (Cu nmows) = (Jv € set vs. foyg v) |

foyrr, (Vo nmows) = (Jv € set vs. foyg v) |

foprr (Clo fusn) = foyg fU (Uv € set vs. foyg v) |
forr (apply v w) = fop v U foyp w

primrec fv :: tm = vname set where
o (Cm) =]
fo (VX)) ={X} |
fo(s-t)=fosUfot]
fo (At)={X. Suc X : fvt}

1.1 Iterated Term Application

abbreviation foldl-At (infix -- 90) where
t - ts = foldl (op -) t ts

Auxiliary measure function:

primrec depth-At :: tm = nat

where
depth-At(C nm) = 0
| depth-At(V z) =
| depth-At(s « t) = depth At s + 1
| depth-At(A t) =
| depth-At(term v) =0

lemma depth-At-foldl:
depth-At(s -+ ts) = depth-At s + size ts
by (induct ts arbitrary: s) simp-all

lemma foldi-At-eg-lemma: size ts = size ts' =
sets =38 ts'—— s=5"Nts =ts’
by (induct arbitrary: s s’ rule:list-induct2) simp-all

lemma foldl-At-eq-length:

5 e ts = s -+ ts' = length ts = length ts’

apply (subgoal-tac depth-At(s -+ ts) = depth-At(s - ts'))
apply (erule thin-rl)

apply (simp add:depth-At-foldl)

apply simp

done

lemma foldi-At-eq[simp]: s «« ts = s ++ ts' —— ts = s’
apply (rule)

prefer 2 apply simp

apply (blast dest:foldl-At-eq-lemma foldl-At-eq-length)
done

lemma term-eg-foldl-At[simp]:
termuv =1- ts —— t = term v A ts = ||



by (induct ts arbitrary:t) auto

lemma At-eq-foldl-At[simp]:
T8 =1-+15
(if ts=[] then t = r - selse s = lastts Nr =1t
apply (induct ts arbitrary:t)
apply fastsimp
apply rule
apply clarsimp
apply rule
apply clarsimp
apply clarsimp
apply (subgoal-tac Its’ t'. ts = ts’ Q [t'])
apply clarsimp
defer
apply (clarsimp split:list.split)
apply (metis append-butlast-last-id)
done

lemma foldi-At-eq-At[simp]:

Ledls=1r-8—

(if ts=[| thent =71 - selses = last ts N =1
by (metis At-eq-foldl-At)

lemma Lam-eq-foldl-At[simp]:
As=t-ts—t=AsAts=]
by (induct ts arbitrary:t) auto

lemma foldi-At-eqg-Lam[simp]:
teets=ANs——t=AsAts=]
by (induct ts arbitrary:t) auto

lemma [simpl: s - t # s

apply (subgoal-tac size(s - t) # size s)
apply metis

apply simp

done

fun atomic-tm :: tm = bool where
atomic-tm(s - t) = False |
atomic-tm(-) = True

fun head-tm where
head-tm(s « t) = head-tm s |
head-tm(s) = s

fun args-tm where

-+ butlast ts)

- butlast ts)



args-tm(s + t) = args-tm s Q [t] |
args-tm() = |

lemma head-tm-foldl-At[simp]: head-tm(s -+ ts) = head-tm s
by (induct ts arbitrary: s) auto

lemma args-tm-foldl-At[simp]: args-tm(s -+ ts) = args-tm s Q ts
by (induct ts arbitrary: s) auto

lemma tm-eg-iff :
atomic-tm(head-tm s) = atomic-tm(head-tm t)
= s =t «— head-tm s = head-tm t N\ args-tm s = args-tm t
apply (induct s arbitrary: t)
apply (case-tac t, simp+)+
done

declare
tm-eq-iff [of h -+ ts, standard, simp)
tm-eq-iff [of - h -~ ts, standard, simp)

lemma atomic-tm-head-tm: atomic-tm(head-tm t)
by (induct t) auto

lemma head-tm-idem: head-tm(head-tm t) = head-tm t
by (induct t) auto

lemma args-tm-head-tm: args-tm(head-tm t) = ||
by (induct t) auto

lemma eta-head-args: t = head-tm t +- args-tm t
by (subst tm-eq-iff) (auto simp: atomic-tm-head-tm head-tm-idem args-tm-head-tm)

lemma tm-vector-cases:

3nts.t=Vmn-ts)V

(Inmts. t = Cnm - ts) V

(Ft'ts.t=At - ts) V

(o ts. t = term v - ts)
apply (induct t)
apply simp-all
apply (metis append-is-Nil-conv args-tm.simps(2) args-tm.simps(5) args-tm-foldl-At
butlast.simps(2) butlast-append butlast-snoc eta-head-args head-tm.simps(2) head-tm.simps(4)
head-tm.simps(5) head-tm-foldl-At last-snoc list.simps(2) not-Cons-self rotate1-is-Nil-conv
rotate-simps self-append-conv self-append-conv2 tm.simps(12) tm.simps(22))
done

lemma fv-head-C[simp]: fo (t - ts) = fot U (Jteset ts. fo t)
by (induct ts arbitrary:t) auto



1.2 Lifting and Substitution

fun lift-ml :: nat = mi = ml (lift) where

lift i (Cppp, nm) = Cyp, nm |

lift i (Vi X) = Vo X |

lift i (Apg, v vs) = Ay, (lift i v) (map (lift i) vs) |

lift i (Lam g, v) = Lam g, (lift i v) |

lift i (Cy nm vs) = Cy nm (map (lift i) vs) |

lfti (Vy zwvs) = Vy (if x < i then x else z+1) (map (lift i) vs) |
lift i (Clo vwsn) = Clo (lift i v) (map (lift i) vs) n |

lift i (apply w v) = apply (lift i w) (lift i v)

lemmas mil-induct = lift-ml.induct[of i v. P v, standard]

fun lift-tm :: nat = tm = tm (lift) where
lift i (Cnm) = Cnm |

lift i (Vo) = V(ifx < ithen x else z+1) |
lift i (s-t) = (lift i s)-(lift i t) |

lft i (A t) = A(lift (i+1) ) |

lift i (term v) = term (lift i v)

fun lift-ML :: nat = ml = ml (lift j;7,) where

liftML 1 (CML nm) = CML nm |

lftprr o (Vo X) = Vo (if X < i then X else X+1) |
liftppp, i (Apgr v vs) = Ay (iftpgg iv) (map (Lift g, 4) vs) |
Uft prr, @ (Lam g, v) = Lam g, (lift g (34+1) v) |

liftprr, @ (Cu mmovs) = Cy nm (map (liftppg, @) vs) |

liftyrr, @ (Vo zvs) = Vg« (map (liftpyr, ) vs) |

lift prr, @ (Clo v ws m) = Clo (lift pgp, @ v) (map (liftppp, @) vs) n |
lift pr, @ (apply w v) = apply (lift prp, 0 w) (lift ppg, 0 v)
definition

cons :: tm = (nat = tm) = (nat = tm) (infix ## 65) where
t##o = Ni. case i of 0 = ¢ | Sucj = lift 0 (o j)

definition
cons-ML :: ml = (nat = ml) = (nat = ml) (infix ## 65) where
v##Ho = Ni. case i of 0 = vuml | Suc j = lift 7, 0 (0 5)

Only for pure terms!

primrec subst :: (nat = tm) = tm = tm

where
subst o (C'mm) = C nm
| subst 0 (Vz)=0x

(

(v
| subst o (A t) = A(subst (V 0 #+# o) t)
| subst o (s-t) = (subst o s) - (subst o t)

fun subst-ML :: (nat = ml) = ml = ml (subst ;) where
subst prr, 0 (Cpgp, nm) = Cpyr, nm |
subst pr1, o (VML X)y=0X|



subst pp, o (Apgr, v vs) = Apgp, (substyp o v) (map (subst pyp, o) vs) |
subst pr, 0 (Lampgp, v) = Lam g, (substyp, (Vg 0 #3 o) v) |

subst prr, o (Cy nm ovs) = Cy nm (map (subst yr, o) vs) |

substprr, 0 (Vo zvs) = Vg © (map (subst g, o) vs) |

subst pr, 0 (Clo v vs n) = Clo (substyp, o v) (map (subst g, o) vs) n |
subst pyr, o (apply w v) = apply (subst yrp, o w) (subst g, o v)

abbreviation

subst-decr :: nat = tm = nat = tm where

subst-decr k t = An. if n<k then V n else if n=Fk then t else V(n — 1)
abbreviation

subst-decr-ML :: nat = ml = nat = ml where
subst-decr-ML k v = An. if n<k then V prp, n else if n=Fk then v else V prr(n — 1)
abbreviation

substl :: tm = tm = nat = tm ((-/[-'/-]) [300, 0, 0] 300) where
s[t/k] = subst (subst-decr k t) s
abbreviation

substl-ML :: ml = ml = nat = ml ((-/[-'/-]) [300, 0, 0] 300) where
ulv/k] = subst prg, (subst-decr-ML k v) u

lemma apply-cons|[simp]:
(t##0) i = (if i=0 then t::tm else lift 0 (o(i — 1)))
by (stmp add: cons-def split:nat.split)

lemma apply-cons-ML[simp]:

(v##o) i = (if i=0 then vml else lift yy7, 0 (0(i — 1)))
by (simp add: cons-ML-def split:nat.split)

lemma lift-foldl-At[simp]:
lift k (s - ts) = (lift k s) - (map (lift k) ts)
by (induct ts arbitrary:s) simp-all

lemma [lift-lift-mi: fixes v :: ml shows
i < k+1 = lift (Suc k) (lift i v) = lift i (lift k v)
by (induct i v rule:lift-ml.induct)
simp-all
lemma lift-lift-tm: fixes t :: tm shows
i < k+1 = lift (Suck) (lLiftit) = lfti (lift ki)
by (induct t arbitrary: i rule:lift-tm.induct)(simp-all add:lift-lift-ml)

lemma [lift-lift-ML:

i < k+1 = liftpr (Suc k) (liftpgr i v) = liftpgr @ (Lift oy ko)
by (induct v arbitrary: i rule:lift-ML.induct)
simp-all

lemma [lift-lift-ML-comm:

lift j (Liftpr @ v) = lift g ¢ (lift j o)
by (induct v arbitrary: i j rule:lift-ML.induct)



simp-all

lemma V-ML-cons-ML-subst-decr|[simp]:
Vur 0 ## subst-decr-ML k v = subst-decr-ML (Suc k) (lift prr, 0 v)
by (rule ext)(simp add:cons-ML-def split:nat.split)

lemma shift-subst-decr[simp]:
V 0 ## subst-decr k t = subst-decr (Suc k) (lift 0 t)
by (rule ext)(simp add:cons-def split:nat.split)

lemma lift-comp-subst-decr|[simp):
lift 0 o subst-decr-ML k v = subst-decr-ML k (lift 0 v)
by (rule ext) simp

lemma subst-ML-ext: Vi. 0 i = o' i = substpy;, 0 v = substy, o' v
by (metis ext)

lemma subst-ext: Vi. 0 i = 0’ i = subst 0 v = subst o’ v
by (metis ext)

lemma lift- Pure-tms|[simp|: pure t = pure(lift k t)
by (induct arbitrary:k pred:pure) simp-all

lemma cons-ML-V-ML[simp]: (V pr, 0 ## V) = VL
by (rule ext) simp

lemma cons-Vsimp]: (VO ## V)=V
by (rule ext) simp

lemma lift-o-shift: lift k o (Vpp, 0 #3# o) = (V yr 0 ## (lift k o o))
by (rule ext)(simp add: lift-lift-ML-comm)

lemma [lift-subst-ML:

lift k (substyyp, o v) = subst pp, (lift k o o) (lift k v)
apply (induct o v rule:subst-ML.induct)

apply (simp-all add: o-assoc lift-o-shift del:apply-cons-ML)
apply (simp add:o-def)

done

corollary lift-subst-ML1:

Vo k. lift-ml 0 (ulv/k]) = (lift-ml 0 u)[lift 0 v/k)]
apply (induct u rule:ml-induct)
apply (simp-all add:lift-lift-ml lift-subst-ML)
apply (subst lift-lift-ML-comm)apply simp
done

lemma [ift-ML-subst-ML:

lift prr, k (subst g, o v) =
subst prp, (M. if i<k then liftpp k (0 i) else if i=k then V g k else lift 1, k



(oi — 1)) (ftagy k v)
(is - = subst yy, (Zinsrt k o) (lift prp, k v))
apply (induct k v arbitrary: o k rule: lift-ML.induct)
apply (simp-all add: o-assoc lift-o-shift)
apply (subgoal-tac V pr, 0 ## 2insrt k o = %insrt (Suc k) (V yp, 0 ## 0))
apply simp
apply (simp add:expand-fun-eq lift-lift- ML cons-ML-def split:nat.split)
done

corollary subst-cons-lift:

subst pir, (Vioyr 0 #3# o) o (lifty, 0) = liftyp 0 o (subst g, o)

apply (rule ext)

apply(simp add: lift-ML-subst-ML)

apply (subgoal-tac (V 7, 0 #4# o) = (Mi. if i = 0 then V0 else lift 7, 0 (0
(i — 1))

apply simp

apply (rule ext, simp)

done

lemma lift-ML-id[simp]: closed psr, kv = liftpp kv = v
by (induct k v rule: lift-ML.induct)(simp-all add:list-eq-iff-nth-eq)

lemma subst-ML-id:
closed yir, kv == Vi<k. o i = Vg i = substpyy, o v =m0
apply (induct o v arbitrary: k rule: subst-ML.induct)
apply (auto simp add: list-eq-iff-nth-eq)
apply(simp add:Ball-def)
apply (erule-tac z=vs!i in meta-allE)
apply (erule-tac =k in meta-allE)
apply (erule-tac x=k in meta-allE)
apply simp
apply (erule-tac z=vs!i in meta-allE)
apply (erule-tac z=k in meta-allE)
apply simp
apply (erule-tac z=vs!i in meta-allE)
apply (erule-tac x=k in meta-allE)
apply simp
apply (erule-tac z=vs!i in meta-allE)
apply (erule-tac z=k in meta-allE)
apply (erule-tac z=k in meta-allE)
apply simp
done

corollary subst-ML-id2[simp]: closed pr, 0 v => subst i, 0 v = v
using subst-ML-id[where k=0] by simp

lemma subst-ML-coincidence:
closed yip kv = Vi<k.o i =0'1 = substyy o v = substpy, o' v
by (induct o v arbitrary: k o’ rule: subst-ML.induct) auto



lemma subst-ML-comp:
subst prp, o (subst yp, o' v) = subst g, (substy, o o o') v
apply (induct o’ v arbitrary: o rule: subst-ML.induct)
apply (simp-all add: list-eq-iff-nth-eq)
apply (rule subst-ML-ext)
apply simp
apply (metis o-apply subst-cons-lift)
done

lemma subst-ML-comp2:
Vi. o' i = substy o (0! i) = subst yyp, 0 (substpyp, 0’ v) = subst o' v
by (simp add:subst-ML-comp subst-ML-ext)

lemma closed-tm-ML-foldl-At:
closed yrp, k (t - ts) «— closed g, k't A (Vt € set ts. closed ypp, k t)
by (induct ts arbitrary: t) simp-all

lemma closed-ML-lift[simp]:

fixes v :: ml shows closed ;1 k v = closed ys7, k (lift m v)
by (induct k v arbitrary: m rule: lift-ML.induct)

(simp-all add:list-eq-iff-nth-eq)

lemma closed-ML-Suc: closed j;;, n v => closed ysr, (Suc n) (lift prr, k v)
by (induct k v arbitrary: n rule: lift-ML.induct) simp-all

lemma closed-ML-subst-ML:
Vi. closed pp, k (0 1) = closed 7, k (subst 7, o v)
by (induct o v arbitrary: k rule: subst-ML.induct) (auto simp: closed-ML-Suc)

lemma closed-ML-subst-ML2:
closed yrp, kv = Vi<k. closed psr, | (¢ i) = closed 7, | (subst prp, o v)
by (induct o v arbitrary: kI rule: subst-ML.induct)(auto simp: closed-ML-Suc)

lemma subst-foldl[simp]:
subst o (s -+ ts) = (subst o s) +- (map (subst o) ts)
by (induct ts arbitrary: s) auto

lemma subst-V: pure t = subst V.t =t
by (induct pred:pure) simp-all

lemma lift-subst-auz:
pure t = Vi<k.o'i=1liftk (0 i) =
Vi>k. o'(Suc i) = lift k (0 i) =
o'k =Vk= lift k (subst o t) = subst o' (lift k t)
apply (induct arbitrary:o o’ k pred:pure)
apply (simp-all add: split:nat.split)
apply (erule meta-allE)+
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apply (erule meta-impFE)

defer

apply (erule meta-impFE)

defer

apply (erule meta-mp)

apply (simp-all add: cons-def lift-lift-ml lift-lift-tm split:nat.split)
done

corollary [lift-subst:
pure t = lift 0 (subst o t) = subst (V 0 ## o) (lift 0t)
by (simp add: lift-subst-auz lift-lift-ml)

lemma subst-comp:
pure t = YV i. pure(o’ i) =
o' = (Ni. subst o (0 i)) = subst o (subst o’ t) = subst c'' ¢
apply (induct arbitrary:c o' o' pred:pure)
apply simp
apply simp
defer
apply simp
apply (simp (no-asm))
apply (erule meta-allE)+
apply (erule meta-impFE)
defer
apply (erule meta-mp)
prefer 2 apply simp
apply (rule ext)
apply (simp add:lift-subst)
done

2 Reduction

2.1 Patterns

inductive pattern :: tm = bool
and patterns :: tm list = bool where
patterns ts = V tEset ts. pattern t |
pat-V: pattern(V X) |
pat-C': patterns ts = pattern(C nm -+ ts)

lemma pattern-Lam|[simp]: — pattern(A t)
by (auto elim!: pattern.cases)

lemma pattern-At'D12: pattern r => r = (s - t) = pattern s A pattern t
proof (induct arbitrary: s t pred:pattern)
case pat-V thus ?case by simp
next
case pat-C thus ?case
by (simp add: atomic-tm-head-tm split:split-if-asm)
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(metis eta-head-args in-set-butlastD pattern.pat-C)
qed

lemma pattern-AtD12: pattern(s - t) = pattern s A pattern t
by (metis pattern-At'D12)

lemma pattern-At-vecD: pattern(s -+ ts) = patterns ts
apply (induct ts rule:rev-induct)

apply simp

apply (fastsimp dest!:pattern-AtD12)

done

lemma pattern-At-decomp: pattern(s - t) = Inm ss. s = C nm - ss
proof (induct s arbitrary: t)
case (At sl s2) show ?case

using pattern-AtD12[OF At.prems] At(1)[of s2]
by clarsimp (metis append-is-Nil-conv butlast-snoc last-snoc not-Cons-self)
qed (auto elim!: pattern.cases split:split-if-asm)

2.2 Reduction of M-terms

The source program:

axiomatization R :: (cname * tm list x tm)set where

pure-R: (nm,ts,t) : R = (Yt € set ts. pure t) A\ pure t and
fo-R: (nmyts,t) : R = X : fot = Jt' € set ts. X : fo t’ and
pattern-R: (nm,ts,t’) : R = patterns ts

inductive-set
Red-tm :: (tm x tm)set
and red-tm :: [tm, tm] => bool (infix] — 50)
where
s — t = (s, t) € Red-tm
— (-reduction
(A1) - s — t[s/0]
— m-expansion
|t — A ((lLift0¢) - (V0))
— Rewriting
| (nmyts,t) : R = (C nm) -+ (map (subst o) ts) — subst o ¢
|t >t/ = At —> At
|s = s'=s-t—s'-t
|t >t/ = s-t—s-t

abbreviation
reds-tm :: [tm, tm] => bool (infix] —* 50) where

s =%t = (s, t) € Red-tm "

inductive-set
Reds-tm-list :: (tm list * tm list) set
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and reds-tm-list :: [tm list, tm list] = bool (infix] —* 50)
where
ss —x ts = (ss, ts) € Reds-tm-list

[ =1

| ts —x ts' = t —x t/ = t#ts —x t'#ts’

declare Reds-tm-list.intros[simp]

lemma Reds-tm-list-refi[simp]: fixes ts :: tm list shows ts —x ts
by (induct ts) auto

lemma Red-tm-append: rs —* rs’' = ts —x* ts' => s Q ts —* rs’ Q ts’
by (induct set: Reds-tm-list) auto

lemma Red-tm-rev: ts —* ts’ = rev ts —* rev ts’
by (induct set: Reds-tm-list) (auto simp:Red-tm-append)

lemma red-Lam[simp]: t =« t' = At -« A ¢’
apply (induct rule:rtrancl-induct)

apply (simp-all)

apply (blast intro: rtrancl-into-rtrancl Red-tm.intros)
done

lemma red-Atl[simpl: t —x ' =t .5 —>xt'-s
apply (induct rule:rtrancl-induct)

apply (simp-all)

apply (blast intro: rtrancl-into-rtrancl Red-tm.intros)
done

lemma red-At2[simpl: t —*x t' = s -t —x s t'
apply (induct rule:rtrancl-induct)

apply (simp-all)

apply (blast intro:rtrancl-into-rtrancl Red-tm.intros)
done

lemma Reds-tm-list-foldl-At:

ts —%* ts' = 5 —* s’ = 5 -+ ts —* 5’ 15
apply (induct arbitrary:s s’ rule: Reds-tm-list.induct)
apply simp

apply simp

apply (blast dest: red-At1 red-At2 intro:rtrancl-trans)
done

/

2.3 Reduction of ML-terms

The compiled rule set:

consts compR :: (cname * ml list x ml)set

The actual definition is given in §4 below.
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Now we characterize ML values that cannot possibly be rewritten by a
rule in compR.

lemma termination-no-match-ML:

1 < length ps = rev ps | i = Cy nm vs

= listsum (map size vs) < listsum (map size ps)
apply (subgoal-tac Cy nm vs : set ps)
apply (drule listsum-map-removel [of - - size])
apply (simp add:list-size-conv-listsum,)
apply (metis in-set-conv-nth length-rev set-rev)
done

declare conj-cong[fundef-cong|

function no-match-ML (no’-match 1) where
no-match prr, ps 0s =
(34 < min (size os) (size ps).
Inm nm’ vs vs'. (rev ps)li = Cy nm vs A (rev os)li = Cy nm’ vs' A
(nm=nm’' — no-match 7, vs vs'))
by pat-completeness auto
termination
apply (relation measure(%o(vs::ml list,-). > v—vs. size v))
apply (auto simp:termination-no-match-ML)
done

abbreviation
no-match-compR nm os =
¥ (nm',ps,v)€ compR. nm=nm’' — no-match s, ps os

declare no-match-ML.simps|[simp del]

inductive-set
Red-ml :: (ml % ml)set
and Red-ml-list :: (ml list x ml list)set
and red-ml :: [ml, ml] => bool (infixl = 50)
and red-ml-list :: [ml list, ml list] => bool (infix]l = 50)
and reds-ml :: [ml, ml] => bool (infixl =% 50)
where
s =t=(s,t) € Red-ml
| ss = ts = (ss, ts) € Red-mi-list
| s =t = (s, t) € Red-ml"
— ML [-reduction
| Apgg, (Eampgg, w) [o] = ulv/0)
— Execution of a compiled rewrite rule
| (nm,vs,v) : compR =V i. closedpy, 0 (0 1) =
Ay, (Cpr, nm) (map (substppp, o) vs) = subst g, o v
— default rule:
| Vi. closed pyp, 0 (o 9)
= wvs = map V1, [0..<arity nm] = vs’ = map (subst 1, o) vs
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= no-match-compR nm vs’
= Ay (Cpgp nm) vs’ = substyp, o (Cu nm vs)
— Equations for function apply
| apply-Clo1: apply (Clo fuvs (Suc 0)) v = Ayg [ (v # vs)
| apply-Clo2: n > 0 =
apply (Clo fvs (Sucn)) v = Clof (v # vs)n
| apply-C: apply (Cy nm vs) v = Cy nm (v # vs)
| apply-V: apply (Vy zvs) v = Vy z (v # vs)
— Context rules
| ctat-C: vs = vs' = Cy nm vs = Cy nm vs’
| ctat-V:vs = vs' = Vy zvs = Vy x vs’
| ctxt-Clol: f = f' = Clo fusn = Clof' vsn
| ctat-Clo3: vs = vs' = Clo fvs n = Clo fus'n
| ctat-applyl: s = s’ = apply st = apply s’ t
| ctat-apply2: t = t' = apply s t = apply s t’
| ctat-A-ML1: f = f' = Apygp fos = Ay [/ vs
| ctat-A-ML2: vs = vs' = Ay, fus = Ayp fos’
| ctat-listl: v = v/ = v#vs = v'#vs
| ctat-list2: vs = vs' = v#tvs = v#vs’

inductive-set
Red-term :: (tm x tm)set
and red-term :: [tm, tm] => bool (infixl = 50)
and reds-term :: [tm, tm] => bool (infixl =x 50)
where
s =t = (s, t) € Red-term
| s =x t = (s, t) € Red-term "
— function term
| term-C: term (Cy nm vs) = (C nm) -+ (map term (rev vs))
| term-V: term (Vy z vs) = (V z) - (map term (rev vs))
| term-Clo: term(Clo vf vs n) = A (term (apply (lift 0 (Clo vf vs n)) (Vy 0 [])))
— context rules
| ctet-Lam: t =t/ = At = A t’
| ctat-Atl: s = s' = s-t =351
| ctat-At2: t =t/ = st = s -1’
| ctat-term: v = v/ = term v = term v’

3 Kernel

First a special size function and some lemmas for the termination proof of
the kernel function.

fun size’ :: ml = nat where

size' (Cppp, mm) = 1 |

size! (Vo X) =1 |

size’ (Apgr, v vs) = (size’ v + (O ve—ws. size’ v))+1 |
size’ (Lam g, v) = size’ v + 1 |

size' (Cy nm vs) = (O, ve—ws. size’ v)+1 |

size' (Vg nm vs) = (3 vews. size’ v)+1 |
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size' (Clo fusn) = (size’ f + (O vewvs. size’ v))+1 |
size' (apply v w) = (size’ v + size’ w)+1

lemma listsum-size'[simp]:
v € set vs = size’ v < Suc(listsum (map size’ vs))
by (induct vs)(auto)

corollary cor-listsum-size'[simp]:
v € set vs = size’ v < Suc(m + listsum (map size’ vs))
using listsum-size'[of v vs] by arith

lemma size'-lift-ML: size’ (lift yy1, k v) = size’ v
apply (induct v arbitrary:k rule:size’.induct)
apply simp-all
apply(rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply(rule arg-cong[where f = listsum))
apply (rule map-ext)
apply simp
apply (rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply(rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
done

lemma size'-subst-ML[simp]:
Vij. size(c i) = 1 = size’ (substy, 0 v) = size’ v
apply (induct v arbitrary:oc rule:size’.induct)
apply simp-all
apply(rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply (erule meta-allE)
apply (erule meta-mp)
apply(simp add: size’-lift-ML split:nat.split)
apply(rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply(rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply(rule arg-cong[where f = listsum))
apply (rule map-ext)
apply simp
done
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lemma size'-lift[simp]: size’ (lift i v) = size’ v
apply (induct v arbitrary:i rule:size’.induct)
apply simp-all
apply(rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply(rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply (rule arg-cong[where f = listsum])
apply (rule map-ext)
apply simp
apply(rule arg-cong[where f = listsum))
apply (rule map-ext)
apply simp
done

function kernel :: mli = tm (-! 300) where

(
(Apr v vs)' = v' - (map kernel (rev vs)) |
(Lamgy 0)! = A (((ift 0 0)[Ver 0 [/0) |

(Cy nm ws)! = (C nm) - (map kernel (rev vs)) |
(Vu zws)l = (Vz) « (map kernel (rev vs)) |
(Clo fus n)! = fl +« (map kernel (rev vs)) |
(apply v w)! = ol - (w!) |

(V yr X)! = undefined

by pat-completeness auto

termination by (relation measure size’) auto

primrec kernelt :: tm = tm (-! 300)

where

(Cnm)! = C nm
| (V) =V
[ (s - )1 = (s) - (2)
(A ) = A(#)
| (term v)! = v!
abbreviation

kernels = ml list = tm list (-] 300) where
vs! = map kernel vs

lemma kernel-pure: assumes pure t shows t! = ¢
using assms by (induct) simp-all

lemma kernel-foldl-At[simp]: (s - ts)! = (s!) +- (map kernelt ts)
by (induct ts arbitrary: s) simp-all

lemma kernelt-o-term[simp]: (kernelt o term) = kernel
by (rule ext) simp
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lemma pure-foldl:

pure t = YV t€set ts. pure t =

(Ns t. pure s = pure t = pure(f s t)) =
pure(foldl f t ts)

by (induct ts arbitrary: t) simp-all

lemma pure-kernel: fixes v :: ml shows closed j;;, 0 v = pure(v!)
proof (induct v rule:kernel.induct)
case (3 v)
hence closed yy7, (Suc 0) (lift 0 v) by simp
then have subst y;7, (An. Vi 0 []) (lift 0 v) = lift 0 v[Vy 0 ]/ 0]
by (rule subst-ML-coincidence) simp
moreover have closed py7, 0 (subst s, (An. Vi 0 ) (lift 0 v))
by (simp add: closed-ML-subst-ML)
ultimately have closed ;7 0 (lift 0 v[Vy 0 []/0]) by simp
thus ?case using 3(1) by (simp add:pure-foldl)
qed (simp-all add:pure-foldl)

corollary subst-V-kernel: fixes v :: ml shows
closed yr, 0 v => subst V (v!) = v!
by (metis pure-kernel subst-V')

lemma kernel-lift-tm: fixes v :: ml shows
closed yrr, 0 v = (lift i v)! = lift i (v!)

apply (induct v arbitrary: i rule: kernel.induct)

apply (simp-all add:list-eq-iff-nth-eq)
apply(simp add: rev-nth)

defer

apply(simp add: rev-nth)

apply (simp add: rev-nth)

apply(simp add: rev-nth)

apply (erule-tac z=Suc i in meta-allE)

apply (erule meta-impFE)

defer

apply (simp add:lift-subst-ML)

apply (subgoal-tac lift (Suc i) o (An. if n = 0then Vi 0[] else Vg (n — 1)) =

(An. if n = 0 then Vi 0[] else V1, (n — 1)))

apply (simp add:lift-lift-ml)

apply (rule ext)

apply (simp)

apply (subst closed-ML-subst-ML2[of 1])

apply (simp)

apply(simp)

apply(simp)

done
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3.1 An auxiliary substitution

This function is only introduced to prove the involved susbtitution lemma
kernel-substl below.

fun subst-ml :: (nat = nat) = ml = ml where

subst-ml o (Cpgp, nm) = Cpp, nm |

subst-ml o (Vi X) = Vi X |

subst-ml o (App, v vs) = Ay, (subst-ml o v) (map (subst-ml o) vs) |
subst-ml o (Lam s, v) = Lam g, (subst-ml o v) |

subst-ml o (Cy nm vs) = Cy nm (map (subst-ml o) vs) |

subst-ml o (Vy zvs) = Vy (0 ) (map (subst-ml o) vs) |

subst-ml o (Clo v vs n) = Clo (subst-ml o v) (map (subst-ml o) vs) n |
subst-ml o (apply u v) = apply (subst-ml o u) (subst-ml o v)

lemma lift-ML-subst-ml:

lift ppr, b (subst-ml o v) = subst-ml o (lift pq1, k v)
apply (induct o v arbitrary: k rule:subst-ml.induct)
apply (simp-all add:list-eq-iff-nth-eq)
done

lemma subst-ml-subst-ML:
subst-ml o (subst yrr, 0’ v) = subst 7, (subst-ml o o o’) (subst-ml o v)
apply (induct o’ v arbitrary: o rule: subst-ML.induct)
apply (simp-all add:list-eq-iff-nth-eq)
apply (subgoal-tac (subst-ml o’ o Vi 0 ## o) = Vo 0 ## (subst-ml o' o
)
apply simp
apply (rule ext)
apply(simp add: lift-ML-subst-ml)
done

Maybe this should be the def of lift:

lemma lift-is-subst-ml: lift k v = subst-ml (An. if n<k then n else n+1) v
by (induct k v rule:lift-ml.induct)(simp-all add:list-eq-iff-nth-eq)

lemma subst-ml-comp: subst-ml o (subst-ml o’ v) = subst-ml (o 0 ') v
by (induct o’ v rule:subst-ml.induct)(simp-all add:list-eq-iff-nth-eq)

lemma subst-kernel:
closed yr, 0 v => subst (An. V(o n)) (v!) = (subst-ml o v)!
apply (induct v arbitrary: o rule:kernel.induct)
apply (simp-all add:list-eq-iff-nth-eq)
apply(simp add: rev-nth)
defer
apply(simp add: rev-nth)
apply (simp add: rev-nth)
apply(simp add: rev-nth)
apply (erule-tac x=An. case n of 0 = 0 | Suc k = Suc(c k) in meta-allE)
apply (erule-tac meta-impFE)
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apply (rule closed-ML-subst-ML2[where k=Suc 0])

apply (metis closed-ML-lift)

apply simp

apply (subgoal-tac (An. V(case n of 0 = 0 | Suc k = Suc (o k))) = (V 0 ##

(An. V(o n))))

apply (simp add:subst-ml-subst-ML)

defer

apply(simp add:expand-fun-eq split:nat.split)

apply (simp add:lift-is-subst-ml subst-ml-comp)

apply (rule arg-cong[where f = kernel])

apply (subgoal-tac (nat-case 0 (Ak. Suc (o k)) o Suc) = Suc o o)

prefer 2 apply(simp add:expand-fun-eq split:nat.split)

apply (subgoal-tac (subst-ml (nat-case 0 (Ak. Suc (o k))) o
(An.if n = 0then Vy 0[] else Vyyp, (n — 1)))

)

= (An. if n = 0 then Vy 0[] else Vyp, (n — 1)))
apply simp
apply(simp add: expand-fun-eq)
done

lemma if-cong0: If xyz = Ifx y 2
by simp

lemma kernel-subst1:
closed yrr, 0 v => closed pyp, (Suc 0) v =
kernel(u[v/0]) = (kernel((Lift 0 w)[Vy 0 [)/0]))[v!/0]
proof (induct u arbitrary:v rule:kernel.induct)
case (3 w)
show ?case (is ?L = ?R)
proof —
have ?L = A(lift 0 (w(liftppr, 0 v/Suc O))[Vy 0 [}/0] 1)
by (simp cong:if-cong0)
also have ... = A((lift 0 w)[liftpgp, 0 (lift 0 v)/Suc 0][Vy 0 []/0]})
by (simp only: lift-subst-ML1 lift-lift-ML-comm,)
also have ... = A(substr, (An. if n=0 then Vy 0[] else
if n==Suc 0 then lift 0 v else V yp (n — 2)) (lift 0 w) !)
apply simp
apply (rule arg-cong[where f = kernel])
apply (rule subst-ML-comp?2)
using 3
apply auto
done
also have ... = A((lift 0 w)[Vy 0 []/0][lift 0 v/0]))
apply simp
apply(rule arg-cong[where f = kernel])
apply (rule subst-ML-comp2[symmetric|)
using 3
apply auto
done
also have ... = A((lift-ml 0 ((lift-ml 0 w)[Vy 0 [J/0])[Vw 0 [)/O)(lift 0
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v)!/0])
apply (rule arg-cong[where f = A])
apply (rule 3(1))
apply (metis closed-ML-lift 3(2))
apply (subgoal-tac closed prp, (Suc(Suc 0)) w)
defer
using 3
apply force
apply (subgoal-tac closed ps7, (Suc (Suc 0)) (lift 0 w))
defer
apply (erule closed-ML-lift)
apply (erule closed-ML-subst-ML2)
apply simp
done
also have ... = A((lift-ml 0 (lift-ml 0 w)[Vy 1 []/0])[Vv 0 [}/ 0)V[(Lift 0 v)!/0])
(is - = ?M)
apply (subgoal-tac lift-ml 0 (lift-ml 0 w[Vy 0 [|/0])[Vu 0 []/0] =
lift-ml 0 (lift-ml 0 w)[Viy 1 []/0][Vy 0 []/0])
apply simp
apply (subst lift-subst-ML)
apply (simp add:comp-def if-distrib[where f=lift-ml 0] cong:if-cong)
done
finally have 2L = ?M .
have ?R = A (subst (V 0 #+# subst-decr 0 (v!))
(Lift 0 (lift-ml 0 w[Vy 0 []/Suc 0)[Vo 0 []/0]1)
apply (subgoal-tac (V p7, 0 ## (An. zfn = 0 then Vy 0 else V1, (n —
Suc 0))) = subst-decr-ML (Suc 0) (Vy 0 ]]))
apply(simp cong:if-cong)
apply(simp add:expand-fun-eq cons-ML-def split:nat.splits)

done
also have ... = A (subst (V 0 ## subst-decr 0 (v!))
(lft 0 (iift-ml 0 w)) (Vs 1 [/ Suc 0]V 0 [/0]1)
apply (subgoal-tac lift 0 (lift 0 w[Vy 0 [J/Suc 0]) = lift 0 (lift 0 w)[Vy 1
1/Suc 0))
apply simp

apply (subst lift-subst-ML)
apply (simp add:comp-def if-distrib[where f=lift-ml 0] cong:if-cong)
done
also have (lift-ml 0 (lift-ml 0 w))[Vy 1 [|/Suc 0][Vy 0 []/0] =
(Lift 0 (lift-ml 0 w))[Vy 0 []/0)[Vu 1]/ 0] (is 2l = ?r)
proof —
have 2] = subst ;1 (An. if n= 0 then Vy 0[] else if n = 1 then Vi 1 [] else
Vg (n = 2))
(lift-ml 0 (lift-ml 0 w))
by (auto intro!:subst-ML-comp2)

also have ... = 2r by(auto intro!:subst-ML-comp2[symmetric])
finally show ?thesis .
qed

also have A (subst (V 0 ## subst-decr 0 (v!)) (?r ) = ?M
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proof—
have subst (subst-decr (Suc 0) (lift-tm 0 (kernel v))) (lift-ml 0 (lift-ml 0 w)[Vy
0[/01[Vy 1 1/0]") =
subst (subst-decr 0 (kernel(lift-ml 0 v))) (lift-ml 0 (lift-ml 0 w)[Vy 1 [J/0][Vv
0 1/0]") (is ?a = ?b)
proof—
def pi == An:nat. if n = 0 then 1 else if n = 1 then 0 else n
have (\i. V (pi 9)[lift 0 (v!)/0]) = subst-decr (Suc 0) (lift 0 (v!))
by (rule ext)(simp add:pi-def)
hence %0 =
subst (subst-decr 0 (lift-tm 0 (kernel v))) (subst (A n. V(pin)) (lift-ml 0 (lift--ml
0w)[Vy 0 [1/0][Vy 1 ]]/0]"))
apply (subst subst-comp[OF - - refl])
prefer 3 apply simp
using 3(3%)
apply simp
apply (rule pure-kernel)
apply (rule closed-ML-subst-ML2[where k=Suc 0])
apply (rule closed-ML-subst-ML2[where k=Suc(Suc 0)])
apply simp
apply simp
apply simp
apply simp
done
also have ... =
(subst-ml pi (lift-ml 0 (lift-ml 0 w)[Vy 0 [)/0][Vu 1 []/0]))[lift-tm 0 (v!)/0]
apply (subst subst-kernel)
using 3 apply auto
apply (rule closed-ML-subst-ML2[where k=Suc 0])
apply(rule closed-ML-subst-ML2[where k=Suc(Suc 0)])
apply simp
apply simp
apply simp
done
also have ... = (subst-ml pi (lift-ml 0 (lift-ml 0 w)[Vy 0 [J/0][Vu 1
1/ 0))'[tft 0 !/ 0]
proof —
have lift 0 (v!) = lift 0 v! by (metis 3(2) kernel-lift-tm)
thus ?thesis by (simp cong:if-cong)
qed
also have ... = %
proof—
have 1: subst-ml pi (lift 0 (lift 0 w)) = lift 0 (lift 0 w)
apply(simp add:lift-is-subst-ml subst-ml-comp)
apply (subgoal-tac pi o (Suc o Suc) = (Suc o Suc))
apply (simp)
apply (simp add:pi-def expand-fun-eq)
done
have subst-ml pi (lift-ml 0 (lift-ml 0 w)[Vy 0 []/0][Vv 1 []/0]) =
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lift-ml 0 (lift-ml 0 w)[Vy 1 []/0][Vv 0 []/0]
apply (subst subst-ml-subst-ML)
apply (subst subst-ml-subst-ML)
apply (subst 1)
apply (subst subst-ML-comp)
apply (rule subst-ML-comp2[symmetric])
apply(auto simp:pi-def)
done
thus “thesis by simp
qed
finally show ?thesis .
qed
thus ?thesis by(simp cong:if-cong0 add:shift-subst-decr)
qed
finally have R = ?M .
then show ?L = ?R using (?L = ?M) by metis
qed
qed (simp-all add:list-eq-iff-nth-eq, (simp-all add:rev-nth)?)

4 Compiler

axiomatization arity :: cname = nat

primrec compile :: tm = (nat = ml) = ml

where
compile (Vz)o =0z
| compile (C'nm) o = Clo (C g, nm) [] (arity nm)
| compile (s - t) o = apply (compile s o) (compile t o)

t
| compile (A t) o = Clo (Lampyz, (compile t (Vg 0 #4# 0))) [] 1
Compiler for open terms and for terms with fixed free variables:

definition comp-open t = compile t V pyp,
abbreviation comp-fivred t = compile t (A\i. Vi i [])

Compiled rules:
lemma size-args-less-size-tm[simp]: s € set (args-tm t) = size s < size t

by (induct t) auto

fun comp-pat where
comp-pat t =
(case head-tm t of
C nm = Cy nm (map comp-pat (rev (args-tm t)))
| VX = VML X)

declare comp-pat.simps[simp del| size-args-less-size-tm[simp del]

lemma comp-pat-V[simp|: comp-pat(V X) = Vi X
by (simp add:comp-pat.simps)
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lemma comp-pat-C|simp]:
comp-pat(C nm ++ ts) = Cy nm (map comp-pat (rev ts))
by (simp add:comp-pat.simps)

lemma comp-pat-C-Nil[simp]: comp-pat(C nm) = Cy nm ||
by (simp add:comp-pat.simps)

defs compR-def:
compR = (A(nm,ts,t). (nm, map comp-pat (rev ts), comp-open t)) ‘R

lemma fv-ML-comp-open: pure t = fv 1, (comp-open t) = fu t
by (induct t pred:pure) (simp-all add:comp-open-def)

lemma fv-ML-comp-pat: pattern t = fo 7 (comp-pat t) = fo t
by (induct t pred:pattern)(simp-all add:comp-open-def)

lemma fo-compR-auz:
(nm,ts,t") : R = z € fuyy, (comp-open t')
= Jteset ts. x € fopp(comp-pat t)
apply (frule pure-R)
apply(simp add:fv-ML-comp-open)
apply(frule (1) fo-R)
apply clarsimp
apply (rule bexl) prefer 2 apply assumption
apply (drule pattern-R)
apply(simp add:fv-ML-comp-pat)
done

lemma fv-compR:
(nm,vs,v) : compR = z € fopp, v = Ju€cset vs. x € fopy u
by (fastsimp simp add:compR-def image-def dest: fv-compR-auz)

lemma [ift-compile:
pure t => Vo k. lift k (compile t o) = compile t (lift k o o)
apply (induct pred:pure)
apply simp-all
apply clarsimp
apply (rule-tac f = compile t in arg-cong)
apply (rule ext)
apply (clarsimp simp: lift-lift- ML-comm,)
done

lemma subst-ML-compile:
pure t = subst yyy, o' (compile t o) = compile t (substpr, o' 0 o)
apply (induct arbitrary: o o’ pred:pure)
apply simp-all
apply (erule-tac x=V p57, 0 ## o' in meta-allE)
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apply (erule-tac x= V p1, 0 ## (liftpr, 0 © o) in meta-allE)
apply (rule-tac f = compile t in arg-cong)

apply (rule ext)

apply (auto simp add:subst-ML-ext lift-ML-subst-ML)

done

theorem kernel-compile:
pure t =Vi.oi= Vyil[ = (compilet o)l =t
apply (induct arbitrary: o pred:pure)
apply simp-all
apply (subst lift-compile) apply simp
apply (subst subst-ML-compile) apply simp
apply (subgoal-tac (subst sy, (An. if n = 0 then Vi 0] else Vy (n — 1)) o
(lth 0 o VML 0 ## U)) = ()\(l VU a []))
apply (simp)
apply (rule ext)
apply(simp)
done

lemma kernel-subst-ML-pat:
pure t = pattern t = Vi. closed ps1, 0 (0 i) =
(subst pr, o (comp-pat t))! = subst (kernel o o) t

apply (induct arbitrary: o pred:pure)

apply simp-all

apply (frule pattern-At-decomp)

apply (frule pattern-AtD12)

apply clarsimp

apply (subst comp-pat.simps)

apply(simp add: rev-map)

done

lemma kernel-subst-ML:
pure t = Vi. closedp, 0 (0 i) =
(subst pgr, o (comp-open t))! = subst (kernel o o) t
proof (induct arbitrary: o pred:pure)
case (Lam t)
have lift 0 o V 57, = V pyp by (simp add:expand-fun-eq)
hence (subst 7 o (comp-open (A t)))! =
A (subst pr, (lift 0 o Vg, 0 #4 o) (comp-open t)[Vy 0 []/0])
using Lam by(simp add: lift-subst-ML comp-open-def lift-compile)

also have ... = A (subst (V 0 ## (kernel o o)) t) using Lam
by (simp add: subst-ML-comp subst-ext kernel-lift-tm)
also have ... = subst (kernel o o) (A t) by simp

finally show Zcase .
qed (simp-all add:comp-open-def)

lemma kernel-subst-ML-pat-map:

V't € set ts. pure t = patterns ts = Vi. closedy; 0 (0 1) =
map kernel (map (subst 7, o) (map comp-pat ts)) =
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map (subst (kernel o o)) ts
by (simp add:list-eq-iff-nth-eq kernel-subst-ML-pat)

lemma compR-Red-tm: (nm, vs, v) : compR =V 1. closed ps7, 0 (0 %)
= C nm -« (map (subst s, o) (rev vs))! —= (subst o v)!

apply(auto simp add:compR-def rev-map simp del: map-map)

apply (frule pure-R)

apply (subst kernel-subst-ML) apply fast+

apply (subst kernel-subst-ML-pat-map)

apply fast

apply (fast dest:pattern-R)

apply assumption

apply (rule r-into-rtrancl)

apply (erule Red-tm.intros)

done

5 Correctness

lemma eq-Red-tm-trans: s =t =t > t' = s — t'
by simp

Soundness of reduction:

theorem fixes v :: ml shows Red-ml-sound:
v = v’ = closed yy;, 0 v = v! =% vl A closed py7, 0 v’ and
vs = vs' = Vveset vs. closed yy;, 0 v =
vs! —* vs't A (Vw'€set vs'. closed prp, 0 v')
proof (induct rule: Red-ml-Red-ml-list.inducts)
fix uv
let 2v = Ay (Lam g w) [v]
assume cl: closed y7, 0 (Apg, (Lam g w) [v])
let 2u’ = (lift-ml 0 w)[Vy 0 []/0]
have 2v! = (A((?u)!)) - (v !) by simp
also have ... — (%u’ )[v!/0] (is - — ?R) by(rule Red-tm.intros)
also(eg-Red-tm-trans) have ?R = u[v/0]! using cl
apply(cut-tac v = v and v = v in kernel-subst1)
apply (simp-all)
done
finally have kernel(A 7, (Lam g, u) [v]) —* kernel(u[v/0]) (is ?A)
by (rule r-into-rtrancl)
moreover have closed 7, 0 (u[v/0]) (is ?2C)
proof —
let 20 = An. if n = 0 then v else Vi, (n — 1)
let 20’ = An. v
have clu: closed ysp, (Suc 0) w and clv: closed yyr, 0 v using cl by simp+
have closed py7, 0 (subst g, 70’ w)
by (metis closed-ML-subst-ML clv)
hence closed 7, 0 (substy %0 u)
using subst-ML-coincidence[OF clu, of Y0 ?0’] by auto
thus ?thesis by simp
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qed
ultimately show 24 A 2C ..
next
fix o :: nat = ml and nm vs v
assume o: Vi. closed gy, 0 (0 i) and compR: (nm, vs, v) € compR
have map (subst V) (map (subst sz, o) (rev vs)!) = map (subst iy, o) (rev vs)!
by (simp add:list-eq-iff-nth-eq subst-V-kernel closed-ML-subst-ML[OF o])
with compR-Red-tm[OF compR o]
have (C nm) -- ((map (substpsp, o) (rev vs)) 1) —* (substpyp, o v)!
by (simp add:subst-V-kernel closed-ML-subst-ML[OF o))
hence Ay (Cppp, nm) (map (subst o) vs)! —=* subst pyp, o vl (is 24)
by (simp add:rev-map)
moreover
have closed ps7, 0 (subst g, o v) (is 2C) by(metis closed-ML-subst-ML o)
ultimately show 74 A 2C ..
qged (auto simp:Reds-tm-list-foldl-At Red-tm-rev rev-map|[symmetric])

theorem Red-term-sound:
t = t' = closed pj;, 0 t = kernelt t —x kernelt t' A closed pry, 0t'
proof (induct rule: Red-term.inducts)
case term-C thus ?case
by (auto simp:closed-tm-ML-foldl-At)
next
case term-V thus Zcase
by (auto simp:closed-tm-ML-foldl-At)
next
case (term-Clo vf vs n)
hence (lift 0 vf!) «- map kernel (rev (map (lift 0) vs))
= lift 0 (vf! -+ (rev vs)!)
apply (simp add:kernel-lift-tm list-eq-iff-nth-eq)
apply (simp add:rev-nth rev-map kernel-lift-tm)
done
hence term (Clo vf vs n)! —x
A (term (apply (lift 0 (Clo vf vs n)) (Vy 0 [])))!
using term-Clo
by (simp del:lift-foldl-At add: r-into-rtrancl Red-tm.intros(2))
moreover
have closed 57, 0 (A (term (apply (lift 0 (Clo vf vs n)) (Vy 0 ]]))))
using term-Clo by simp
ultimately show ?case ..
next
case ctri-term thus ?case by simp (metis Red-mil-sound)
qed auto

corollary kernel-inv:

(t iz tm) =% t' = closed pyp, 0t = t! —* t"N A closed pyp, 0 t'
apply (induct rule: rtrancl.induct)

apply (metis rtrancl-eg-or-trancl)

apply (metis Red-term-sound rtrancl-trans)
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done

lemma closed-ML-compile:

pure t = Vi. closed y;, n (0 1) = closed py1, n (compile t o)
proof (induct arbitrary:n o pred:pure)

case (Lam t)

have 1: Vi. closed ysp, (Suc n) (Vi 0 ## o) i) using Lam(3—)

by (auto simp: closed-ML-Suc)

show ?case using Lam(2)[OF 1] by (simp del:apply-cons-ML)

qed simp-all

theorem nbe-correct: fixes t :: tm
assumes pure t and term (comp-fived t) =x t’ and pure ¢’ shows t —x t’
proof —
have ML-cl: closed y;r, 0 (term (comp-fized t))
by (simp add: closed-ML-compile[OF <pure t)])
have (term (comp-fized t))! =
using kernel-compile[OF <pure ©)] by simp
moreover have term (comp-fized t)! —x ¢!
using kernel-inv[OF assms(2) ML-cl] by auto
ultimately have ¢t —x t'l by simp
thus ?thesis using kernel-pure[OF <pure t"] by simp
qed

6 Normal Forms

inductive normal :: tm = bool where

Vieset ts. normal t = normal(V x - ts) |

normal t = normal(A t) |

Vteset ts. normal t =

Vo.V¥(nm'ls,r)eR. =(nm = nm’ A take (size ls) ts = map (subst o) Is)
= normal(C nm - ts)

fun C-normal-ML :: ml = bool (C’-normal ;7)) where
C-normal p1,(Cy nm vs) =
((Yveset vs. C-normal prp, v) A no-match-compR nm vs) |
C-normal yr1, (Cppp, -) = True |
C-normal pg1, (V pq1, -) = True |
C-normal prr, (Aprr, v vs) = (C-normal s, v A (Yo € set vs. C-normal g7, v)) |
C-normal ps1, (Lam pgp, v) = C-normal py, v |
C-normal yi1, (Vi z vs) = (Yo € set vs. C-normal py7, v) |
C-normal yrr, (Clo v vs -) = (C-normal y;;, v A (Yo € set vs. C-normal ys, v)) |
C-normal prz, (apply uw v) = (C-normal jr7, u A C-normal pry, v)

fun size-tm :: tm = nat where

size-tm (C'-) = 1 |

size-tm (At s t) = size-tm s + size-tm t + 1 |
size-tm - = 0
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lemma size-tm-foldl-At: size-tm(t -- ts) = size-tm t + list-size size-tm ts
by (induct ts arbitrary:t) auto

lemma termination-no-match:

1 < length ss = ss ! i = C nm - ts

= listsum (map size-tm ts) < listsum (map size-tm ss)
apply (subgoal-tac C nm -- ts : set ss)
apply (drule listsum-map-removel [of - - size-tm))
apply (simp add:size-tm-foldl-At list-size-conv-listsum)
apply (metis in-set-conv-nth)
done

declare conj-cong [fundef-cong]

function no-match :: tm list = tm list = bool where
no-match ps ts =
(i < min (size ts) (size ps).
Inm nm’ s rs’. psli = (C nm) - rs A tsli = (C nm’) -+ 15’ A
(nm=nm' — no-match rs rs’))
by pat-completeness auto
termination
apply (relation measure(%(ts::tm list,-). > t«ts. size-tm t))
apply (auto simp:termination-no-match)
done

declare no-match.simps|simp del]

abbreviation
no-match-R nm ts =V (nm/',ps,t)€ R. nm=nm' — no-match ps ts

lemma no-match: no-match ps ts => —(Io. map (subst o) ps = ts)
proof (induct ps ts rule:no-match.induct)
case (1 ps ts)
thus Zcase
apply auto
apply (subst (asm) no-match.simps|of ps])
apply fastsimp
done
qed

lemma no-match-take: no-match ps ts = no-match ps (take (size ps) ts)
apply (subst (asm) no-match.simps)

apply (subst no-match.simps)

apply fastsimp

done

fun dterm-ML :: ml = tm (dtermp,;) where
dterm pr, (Cy nm vs) = C nm -+ map dterm s, (rev vs) |
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dtermpy, -=V 0

fun dterm :: tm = tm where
dterm (Vn) = Voan |

dterm (C nm) = C nm |

dterm (s - t) = dterm s - dterm t |
dterm (A t) = A (dterm t) |
dterm (term v) = dterm g, v

lemma dterm-pure[simp]: pure t = dterm ¢t = ¢
by (induct pred:pure) auto

lemma map-dterm-pure[simp|: ¥ t€set ts. pure t = map dterm ts = ts
by (induct ts) auto

lemma map-dterm-term|[simp]: map dterm (map term vs) = map dterm psr vs
by (induct vs) auto

lemma dterm-foldl-At[simp|: dterm(t -+ ts) = dterm t -- map dterm ts
by (induct ts arbitrary: t) auto

lemma no-match-coincide:

no-match yr, ps vs =

no-match (map dterm g, (rev ps)) (map dterm s, (rev vs))
apply (induct ps vs rule:no-match-ML.induct)
apply (rotate-tac 1)
apply (subst (asm) no-match-ML.simps)
apply (elim exE conjE)
apply (case-tac nm=nm")
prefer 2
apply (subst no-match.simps)
apply (rule-tac x=i in exl)
apply rule
apply (simp (no-asm))
apply (metis min-less-iff-conj)
apply (simp add:min-less-iff-conj nth-map)
apply safe
apply (erule-tac x=i in meta-allE)
apply (erule-tac z=nm' in meta-allE)
apply (erule-tac x=nm’ in meta-allF)
apply (erule-tac x=vs in meta-allE)
apply (erule-tac x=vs’ in meta-allE)
apply (subst no-match.simps)
apply (rule-tac x=i in exl)
apply rule
apply (simp (no-asm))
apply (metis min-less-iff-conj)
apply (rule-tac z=nm' in exl)
apply (rule-tac x=nm’ in exl)

30



apply (rule-tac z=map dterm p;y, (rev vs) in exl)
apply (rule-tac x=map dterm psy, (rev vs’) in exl)
apply (simp)

done

lemma dterm-ML-comp-patD:
pattern t = dterm g, (comp-pat t) = C nm - rs = Jts. t = C nm - ts
by (induct pred:pattern) simp-all

lemma no-match-R-coincide-auz[rule-format]: patterns ts —>
no-match (map (dtermpsr, o comp-pat) ts) rs — no-match ts rs

apply (induct ts rs rule:no-match.induct)

apply (subst (1 2) no-match.simps)

apply clarsimp

apply (rule-tac z=1 in exl)

apply simp

apply (rule-tac x=nm in exl)

apply(cut-tac t = psli in dterm-ML-comp-patD, simp, assumption)

apply (clarsimp)

apply (erule-tac x = i in meta-allE)

apply (erule-tac x = nm' in meta-allE)

apply (erule-tac z = nm’ in meta-allE)

apply(erule-tac = tsa in meta-allE)

apply (erule-tac x = rs’ in meta-allF)

apply (simp add:rev-map)

apply (metis in-set-conv-nth pattern-At-vecD)

done

lemma no-match-R-coincide:
no-match-compR nm (rev vs) = no-match-R nm (map dterm ps, vs)
apply auto
apply (drule-tac x=(nm, map comp-pat (rev aa), comp-open b) in bspec)
unfolding compR-def
apply (simp add:image-def)
apply (force)
apply (simp)
apply (drule no-match-coincide)
apply (frule pure-R)
apply (drule pattern-R)
apply(clarsimp simp add: rev-map no-match.simps|of - map dterm psy, vs])
apply (rule-tac z=1 in exl)
apply simp
apply(cut-tac t = aali in dterm-ML-comp-patD, simp, assumption)
apply clarsimp
apply (auto simp: rev-map)
apply (rule no-match-R-coincide-aux)
prefer 2 apply assumption
apply (metis in-set-conv-nth pattern-At-vecD)
done
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inductive C-normal :: tm = bool where

Viteset ts. C-normal t = C-normal(V x - ts) |
C-normal t = C-normal(A t) |

C-normal j7, v = C-normal(term v) |

Vieset ts. C-normal t = no-match-R nm (map dterm ts)
= C-normal(C nm -+ ts)

declare C-normal.intros[simp]

lemma C-normal-term[simp]: C-normal(term v) = C-normal ps, v
apply (auto)

apply (erule C-normal.cases)

apply auto

done

lemma [simp]: C-normal(A t) = C-normal t
apply (auto)

apply (erule C-normal.cases)

apply auto

done

lemma [simp]: C-normal(V )
using C-normal.intros(1)[of || z]
by simp

lemma [simp]: dterm (dterm s v) = dterm g, v
apply (induct v rule:dterm-ML.induct)

apply simp-all

done

lemma u=-(v::ml) = True and
Red-mi-list-length: vs = vs' = length vs = length vs’
by (induct rule: Red-ml-Red-ml-list.inducts) simp-all

lemma (v:iml) = v/ = True and
Red-ml-list-nth: (vs::ml list) = vs’
= Jv’ k. k<size vs A vs'k = v’ A\ vs’ = vs[k := v/]
apply (induct rule: Red-ml-Red-ml-list.inducts)
apply (auto split:nat.splits)
done

lemma Red-ml-list-pres-no-match:
no-match 7, ps vs = vs = vs' = no-match sy, ps vs'
proof (induct ps vs arbitrary: vs’ rule:no-match-ML.induct)
case (1 vs 0s)
show ?case using 1(2-3)
apply—
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apply (frule Red-ml-list-length)

apply (rotate-tac —2)

apply (subst (asm) no-match-ML.simps)
apply clarify

apply (rename-tac i nm nm’ us us’)
apply (subst no-match-ML.simps)

apply (rule-tac x=i in exl)

apply (simp)

apply (drule Red-ml-list-nth)

apply clarify

apply (rename-tac k)

apply(case-tac k = length os — Suc 1)
prefer 2

apply (rule-tac z=nm' in exl)

apply (rule-tac =us’ in exl)

apply (simp add: rev-nth nth-list-update)
apply (simp add: rev-nth)

apply(erule Red-ml.cases)

apply simp-all

apply (fastsimp intro: 1(1) simp add:rev-nth)
done

qed

lemma no-match-ML-subst-ML[rule-format]:
Voveset vs. Vaefvyy v. C-normal yyy, (0 ) =
no-match pyr, ps vs — no-match pyr, ps (map (subst o) vs)
apply (induct ps vs rule:no-match-ML.induct)
apply simp
apply (subst (1 2) no-match-ML.simps)
apply clarsimp
apply (rule-tac z=1 in exl)
apply simp
apply (rule-tac x=nm’ in exl)
apply (rule-tac z=map (subst ys7, o) vs’' in exl)
apply (auto simp:rev-nth)
apply (erule-tac x = i in meta-allE)
apply (erule-tac x = nm' in meta-allE)
apply (erule-tac z = nm’ in meta-allE)
apply(erule-tac * = vs in meta-allE)
apply (erule-tac x = vs’ in meta-allE)
apply simp
apply (metis UN-I fu-ML.simps(5) in-set-conv-nth length-rev rev-nth set-rev)
done

lemma lift-is-CUD:
lift ppr, kv = Cy nm vs’ = Jvs. v = Cy nm vs A\ vs’' = map (lift 7, k) vs
by (cases v) auto

lemma no-match-ML-lift-ML:
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no-match yrr, ps (map (lift ppr, k) vs) = no-match ypp, ps vs
apply (induct ps vs rule:no-match-ML.induct)
apply simp
apply (subst (1 2) no-match-ML.simps)
apply rule
apply clarsimp
apply (rule-tac z=i in exl)
apply (simp add:rev-nth)
apply (drule lift-is-CUD)
apply fastsimp
apply clarsimp
apply (rule-tac x=i in exl)
apply simp
apply (rule-tac z=nm’ in exl)
apply (rule-tac x=map (lift py7, k) vs’ in exl)
apply (fastsimp simp:rev-nth)
done

lemma C-normal-ML-lift-ML: C-normal y7,(lift ppp, k v) = C-normal pgp, v
by (induct v arbitrary: k rule: C-normal-ML.induct)(auto simp:no-match-ML-lift-ML)

lemma no-match-compR-Cons:
no-match-compR nm vs = no-match-compR nm (v # vs)

apply auto

apply (drule bspec, assumption)

apply simp

apply (subst (asm) no-match-ML.simps)

apply (subst no-match-ML.simps)

apply clarsimp

apply (rule-tac z=1 in exl)

apply (simp add:nth-append)

done

lemma C-normal-ML-comp-open: pure t => C-normal ys1,(comp-open t)
by (induct pred:pure) (auto simp:comp-open-def)

lemma C-normal-compR-rhs: (nm, vs, v) € compR = C-normal y7, v

by (auto simp: compR-def image-def Bex-def pure-R C-normal-ML-comp-open)

lemma C-normal-ML-subst-ML:
C-normal yrg, (subst ppp, 0 v) = (Ya€fvyy v. C-normal yqp, (0 z))
proof (induct o v rule:subst-ML.induct)
case 4 thus Zcase
by (simp del:apply-cons-ML)(force simp add: C-normal-ML-lift-ML)

qed auto

lemma C-normal-ML-subst-ML-iff: C-normal p55, v =
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C-normal yrg, (subst pr, 0 v) «—— (Va€fvpr v. C-normal g (0 )
proof (induct o v rule:subst-ML.induct)
case / thus Zcase
by (simp del:apply-cons-ML)(force simp add: C-normal-ML-lift-ML)

next
case 5 thus ?case by simp (blast intro: no-match-ML-subst-ML)
qed auto

lemma C-normal-ML-inv: v = v/ => C-normal 57, v = C-normal 7, v’ and
vs = vs' = Vwveset vs. C-normal jy, v = Y v'eset vs’. C-normal ys7, v’
apply (induct rule: Red-ml-Red-ml-list.inducts)
apply (simp-all add: C-normal-ML-subst-ML-iff )
apply(metis C-normal-ML-subst-ML C-normal-compR-rhs
fo-compR C-normal-ML-subst-ML-iff )
apply (blast intro!:no-match-compR-Cons)
apply (blast dest:Red-ml-list-pres-no-match)
done

lemma Red-term-hnf-induct[consumes 1]:

assumes (t::itm) = t’
Anm vs ts. P ((term (Cy nm vs)) - ts) ((C nm -+ map term (rev vs)) -+ ts)
Nz vs ts. P (term (Vy x vs) « ts) (V z -+ map term (rev vs)) ++ ts)
Nof vs n ts.

P (term (Clo vf vs n) - ts)

((A (term (apply (Lift 0 (Clo vf vs n)) (Vi 0 ])))) = ts)
Ntt/ts [t =t Ptt] = P (At-ts) (At ts)
Nvv'ts. v = v = P (term v - ts) (term v’ -- ts)

Nz it!ts. i<size ts = tsli = t' = P (tsli) (¢')
= P (Vaz - ts) (V- ts[iz==t"])
Anm it ts. i<size ts = tsli = t' = P (tsli) (')
= P (Cnm - ts) (Cnm - ts[i:=t"])
Nt it ts. i<size ts = tsli = t' = P (#sli) (¢')
= P (At ts) (At - ts[iz=t"))
Nvit!ts. i<size ts = tsli = t' = P (tsli) (¢')
= P (term v -- ts) (term v - (ts[i:=t"]))
shows Pt t'
proof—
{ fix ts from assms have P (t -- ts) (¢’ - ts)
proof (induct arbitrary: ts rule: Red-term.induct)
case term-C thus ?case by metis
next
case term-V thus ?case by metis
next
case term-Clo thus ?case by metis
next

case ctzt-Lam thus Zcase by simp (metis foldl-Nil)

next
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case (ctzt-Atl s s’ t ts)
thus ?case using ctzt-At1(2)[of t#ts] by simp

next

case (ctrt-At2 t t' s ts)
{ fix n rs assume s = Vn - rs
hence ?case using ctzt-At2(8)[of size rs rs Q t # ts t’ n] ctat-At2
by simp (metis foldl-Nil)
} moreover
{ fix nm rs assume s = C nm -+ rs
hence ?case using ctzt-At2(9)[of size rs rs Q t # ts t' nm] ctxt-At2
by simp (metis foldl-Nil)
} moreover
{ fix rrs assume s = A r - rs
hence ?case using ctzt-At2(10)[of size rs rs Q t # ts t'] ctxt-At2
by simp (metis foldl-Nil)
} moreover
{ fix v rs assume s = term v -+ 18
hence ?case using ctzt-At2(11)[of size rs rs Q t # ts t'] ctwt-At2
by simp (metis foldl-Nil)
} ultimately show ?case using tm-vector-cases|of s] by blast

qed
}

from this[of []] show ?thesis by simp

qed

corollary Red-term-hnf-cases[consumes 1]:
assumes (t::tm) = t’
Anm vs ts.
t = term (Cy nm vs) - ts => t' = (C nm -- map term (rev vs)) ++ ts = P
Az vs ts.

t=term (Vg zvs) - ts = t'= (V-

map term (rev vs)) «- ts = P

Novf vs n ts. t = term (Clo vf vs n) - ts =

t’" = A (term (apply (lift 0 (Clo vf vs n)) (Vy 01])))) - ts = P
Nss'ts.t=ANsts=t'=As'ts=s=>s" =P
Nvv'ts. t =termov - ts = t'=termv’' - ts = v =v' = P
Nz ir!ts. i<size ts = tsli = r’

—t=Vzx

Anm i r' ts. i<size ts = tsli = r’

==t
Asir’
=t
Nvir'

=1

ts.

Cnm

vwts = t'=Cnm -

i1<size ts = tsli = r’
Aswts=t'=ANs- tslii=r]= P
ts. i<size ts = tsli = r’

term v

s = t'=termwv -

shows P using assms

apply —

apply (induct rule: Red-term-hnf-induct)
apply metis+

done
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lemma [simp]: C-normal(term v - ts) «— C-normal i, v A ts = []
by (fastsimp elim: C-normal.cases)

lemma [simp]: C-normal(A t -+ ts) «—— C-normal t A ts = ||
by (fastsimp elim: C-normal.cases)

lemma [simp]: C-normal(C nm - ts) «——
(Viteset ts. C-normal t) A no-match-R nm (map dterm ts)
by (fastsimp elim: C-normal.cases)

lemma [simp]: C-normal(V z ++ ts) «— (Vi € set ts. C-normal t)
by (fastsimp elim: C-normal.cases)

lemma no-match-ML-lift:

no-match yy, ps vs — no-match iy, ps (map (lift k) vs)
apply (induct ps vs rule:no-match-ML.induct)
apply simp
apply (subst (1 2) no-match-ML.simps)
apply clarsimp
apply (rule-tac z=i in exl)
apply simp
apply (rule-tac x=nm’ in exl)
apply (rule-tac z=map (lift k) vs’ in exl)
apply (fastsimp simp:rev-nth)
done

lemma no-match-compR-lift:
no-match-compR nm vs = no-match-compR nm (map (lift k) vs)
by (fastsimp simp: no-match-ML-lift)

lemma [simp]: C-normal 7, v = C-normal ys7,(lift k v)
apply (induct v arbitrary:k rule:lift-ml.induct)

apply (simp-all add:no-match-compR-lift)

done

declare [[simp-depth-limit = 10]]

lemma Red-term-pres-no-match:
[¢ < length ts; ts | i = t'; no-match ps dits; dts = (map dterm ts)]
= no-match ps (map dterm (ts[i := t']))
proof (induct ps dts arbitrary: ts i t’ rule:no-match.induct)
case (I ps dts tsi t')
from (no-match ps dts) «dts = map dterm ts
obtain j nm nm’ rs rs’ where ob: j < size ts j < size ps
psly = C nm - rs dterm (tslj) = C nm' - rs’
nm = nm’' — no-match rs rs’
by (subst (asm) no-match.simps) fastsimp
show ?Zcase
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proof (subst no-match.simps)
show Jk<min (length (map dterm (ts[i == t']))) (length ps).
Inm nm’ rs rs’. pslk = Cnm - rs A
map dterm (ts[i :=t']) 1 k= Cnm’ - rs’ A
(nm = nm’' — no-match rs rs’)
(is 3k < ?m. 2P k)
proof—
{ assume [simp]: j=1i
have 3rs’. dterm t' = C nm’ - rs’ A (nm = nm’ — no-match rs rs’)
using (ts ! i = th
proof(cases rule: Red-term-hnf-cases)
case (5 v v’ ts")
then obtain vs where [simp]:
v = Cy nm' vs s’ = map dterm s, (rev vs) @ map dterm ts"
using ob by(cases v) auto
obtain vs’ where [simp]: v/ = Cy nm’ vs’ vs = wvs’
using (w=v" by(rule Red-ml.cases) auto
obtain v’ k where [arith]: k<size vs and vslk = v’
and [simp]: vs’ = vs[k := v/]
using Red-ml-list-nth[OF ws=-vs’] by fastsimp
show ?thesis (is Irs’. P rs’ A 2Q rs’)
proof
let ?rs’ = map dterm ((map term (rev vs) Q ts')[(size vs — k — 1):=term
v’)
have ?P ?rs’ using ob 5
by (simp add: list-update-append map-update[symmetric] rev-update)
moreover have ?Q ?rs’
apply rule
apply (rule 1.hyps[OF - 0b(3)])
using 1.prems 5 ob
apply (auto simp:nth-append rev-nth ctat-term[OF (ws'k = v’] simp
del: map-map)
done
ultimately show 2P ?rs’ A 2Q %rs’..
qed
next
case (7nm'" kr' ts")
show ?thesis (is Irs’. 2P rs’)
proof
show ?P(map dterm (ts"[k := r']))
using 7 ob
apply clarsimp
apply (rule 1.hyps[OF - 0b(3)])
using 7 I1.prems ob apply auto
done
qed
next
case (9vkr'ts")
then obtain vs where [simp]: v = Cy nm’ vs rs’ = map dterm g, (rev
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vs) @ map dterm ts"
using ob by(cases v) auto
show ?thesis (is rs’. 2P rs’ A 2Q rs’)
proof
let ?rs’ = map dterm ((map term (rev vs) Q ts'’)[k+size vs:=r])
have 7P ?rs’ using ob 9 by (auto simp: list-update-append)
moreover have ?(Q ?rs’
apply rule
apply (rule 1.hyps[OF - ob(3)])
using 9 I.prems ob by (auto simp:nth-append simp del: map-map)
ultimately show 7P ?rs’ A 2Q 7rs’ ..
qed
qed (insert ob, auto simp del: map-map)
}
hence I rs’. dterm (ts[i :=¢]1j) = Cnm’ - rs’ A (nm = nm’ — no-match
rs rs’)
using i < size ts) ob by(simp add:nth-list-update)
hence ?P j using prems by auto
moreover have j < ?m using j < length ts) (j < size ps) by simp
ultimately show ?thesis by blast
qed
qed
qed

declare [[simp-depth-limit = 50

lemma listsimps-eq-0-iff: listsum ns = (0:nat) «—— (¥ n € set ns. n = 0)
by (metis listsum sum-eq-0-conv)

lemma elem-le-listsum-nat: k<size ns = ns'k <= listsum(ns::nat list)
apply (induct ns arbitrary: k)

apply (auto simp:nth-Cons’)

apply (metis diff-less less-imp-diff-less nat-neg-iff not-less-eq trans-le-add2)
done

lemma listsum-update: k<size ns =
listsum (ns[k := (n:nat)]) = listsum ns + n — nslk
apply (induct ns arbitrary:k)
apply (auto split:nat.split)
apply (drule elem-le-listsum-nat)
apply arith
done

lemma Red-term-pres-no-match-it:
[V i< length ts. (ts !4, ts’ ! i) : Red-term " (nsli);
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size ts' = size ts; size ns = size ts;
no-match ps (map dterm ts)]
= no-match ps (map dterm ts’)
proof (induct n = listsum ns arbitrary: ts ns)
case (
hence Vi < size ts. nsli = 0 by (simp add:listsimps-eq-0-iff )
with 0 show Zcase by simp (metis nth-equalityl)
next
case (Suc n)
then have listsum ns # 0 by arith
then obtain k [ where k<size ts and [simp]: nslk = Suc
by (simp add:listsimps-eq-0-iff)
(metis Suc(4) gr0-implies-Suc in-set-conv-nth)
let ?ns = ns[k := ]
have n = listsum ?ns using Suc(6) (k<size ts) (size ns = size ts)
by (simp add:listsum-update)
obtain ¢’ where tslk = t’ (¢, ts"lk) : Red-term ™"l
using Suc(2) k<size ts) (size ns = size ts) nslk = Suc b
by (metis rel-pow-Suc-E2)
then have 1:Vi<size(ts[k:=t"]). (ts[k:=t")li, ts'li) : Red-term""(?ns!q)
using Suc(2) (k<size ts) (size ns = size ts)
by (auto simp add:nth-list-update)
note nml = Red-term-pres-no-match[OF k<size ts) (tslk = t" Suc(5)]
show ?case by(rule Suc(1)[OF 1 - - nm1 n = listsum ?ns)])
(simp-all add: <size ts’ = size ts) (size ns = size ts))
qged

lemma Red-term-pres-no-match-star:
assumes Vi < length(ts::tm list). ts | i == ts’ ! i and size ts’ = size ts
and no-match ps (map dterm ts)
shows no-match ps (map dterm ts’)
proof—
let ?P = %mns. size ns = size ts A
(Vi < length ts.(ts'i, ts"li) : Red-term""(nsli))
have Ins. ?P ns using assms(1)
by (subst Skolem-list-nth|[symmetric])
(simp add:rtrancl-power)
from somel-ex[OF this] show ?thesis
by (fast intro: Red-term-pres-no-match-it[OF - assms(2) - assms(3)])
qed

lemma not-pure-term|[simp|: = pure(term v)
proof

assume pure(term v) thus False

proof cases qed auto
qed

abbreviation RedMLs :: tm list = tm list = bool (infix [=%] 50) where
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ss [=x] ts = size ss = size ts N (Vi<size ss. ssli =x tsli)

fun C-U-args :: tm = tm list (Cy'-args) where
Cu-args(s - t) = Cy-args s Q [t] |
Cuy-args(term(Cy nm vs)) = map term (rev vs) |
Cuy-args - = ||

lemma [simp]: Cy-args(C nm - ts) = ts
by (induct ts rule:rev-induct) auto

lemma redts-term-cong: v =* v/ => term v =x term v’
apply (erule converse-rtrancl-induct)

apply (rule rtrancl-refl)

apply (fast intro: converse-rtrancl-into-rtrancl dest: ctxt-term)
done

lemma C-Red-term-ML:
v = v’ = C-normal 5, v => dtermp, v = C nm - ts
= dtermpp, v/ = C nm -- map dterm (Cy-args(term v’)) A
(Vteset(Cy-args(term v)). C-normal t) A
Cuy-args(term v) [=+*] Cy-args(term v') A
ts = map dterm (Cy-args(term v)) and
(vs:: ml list) = vs' = i < length vs => vs | i =x vs' i
apply (induct arbitrary: nm ts and i rule: Red-ml-Red-ml-list.inducts)
apply (simp-all add: Red-ml-list-length del: map-map)
apply (frule Red-ml-list-length)
apply(simp add: redts-term-cong rev-nth del: map-map)
apply (simp add:nth-Cons’ r-into-rtrancl del: map-map)
apply (simp add:nth-Cons’)
done

lemma C-redt: t = t' = C-normal t —
C-normal t' A (dterm t = C nm « ts —
(Fts’. ts' = map dterm (Cy-args t') A dterm t' = Cnm - ts' &
(Viteset(Cy-args t). C-normal t) A
Cu-args t [=+] Cy-args t' A ts = map dterm (Cy-args t)))
apply (induct arbitrary: ts nm rule: Red-term-hnf-induct)
apply (simp-all del: map-map)
apply (metis no-match-R-coincide rev-rev-ident)
apply clarsimp
apply rule
apply (metis C-normal-ML-inv)
apply clarify
apply(drule (2) C-Red-term-ML)
apply clarsimp
apply clarsimp
apply (metis List.set.simps(2) insert-code mem-def predicate1D set-update-subset-insert)
apply clarsimp
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apply (rule)

apply (metis List.set.simps(2) insert-code mem-def predicate1D set-update-subset-insert)
apply rule

apply clarify

apply (drule bspec, assumption)
apply simp

apply (subst no-match.simps)

apply (subst (asm) no-match.simps)
apply clarsimp

apply (rename-tac j nm nm’ rs rs’)
apply (rule-tac x=j in exI)

apply simp

apply (case-tac i=j)

apply simp

apply (rule-tac z=nm' in exl)

apply (erule-tac z=rs’ in meta-allE)
apply (erule-tac z=nm' in meta-allE)
apply clarsimp

apply(metis Red-term-pres-no-match-star)
apply (auto simp:nth-list-update)
done

lemma C-redts: t =* t' = C-normal t —>
C-normal t' A (dterm t = C nm - ts —
(Fts'. dterm t' = C nm - ts’' A
(Vteset(Cy-args t). C-normal t) A Cy-args t [=*] Cy-args t' A
ts’ = map dterm (Cy-args t') A ts = map dterm (Cy-args t)))
apply (induct arbitrary: nm ts rule:converse-rtrancl-induct)
apply simp
using tm-vector-cases|of t']
apply (elim disjE)
apply clarsimp
apply clarsimp
apply clarsimp
apply clarsimp
apply (case-tac v)
apply simp
apply simp
apply simp
apply simp
apply clarsimp
apply simp
apply simp
apply simp
apply simp
apply (frule-tac nm=nm and ts=ts in C-redt)
apply assumption
apply clarify
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apply rule

apply metis

apply clarify

apply simp

apply rule

apply metis

apply simp

apply (metis rtrancl-trans)
done

lemma no-match-preserved:
Viteset ts. C-normal t = ts [=%] ts’
= no-match ps os = 0s = map dterm ts = no-match ps (map dterm ts’)
proof (induct ps os arbitrary: ts ts’ rule: no-match.induct)
case (1 ps os)
obtain ¢ nm nm’ ps’ os’ where psli = C nm - ps’ 1 < size ps 1 < size 0s 0s!i
= Cnm'- 0s' nm=nm’ — no-maitch ps’ os’
using 1(4) no-match.simps|of ps os] by fastsimp
note 1(5)[simp]
have C-normal (ts ! i) using 1(2) ¢ < size 0s) by auto
have tsli =x ts'li using 1(3) « < size 0s) by auto
have dterm (ts ! i) = C nm' -+ 0s' using (o0sli = C nm' -+ 0s @ < size 08
by (simp add:nth-map)
from C-redts [OF <ts!i =x* tsl9) «C-normal (ts!i))] this obtain ss’ rs rs’ :: tm
list
where Vteset rs. C-normal t
dterm (ts’! i) = C nm’' - ss’ length rs = length rs’
Vi<length rs. rs | i =% rs’! i ss’ = map dterm rs’ os’ = map dterm rs
by fastsimp
show ?Zcase
apply (subst no-match.simps)
apply(rule-tac z=i in exl)
using prems
apply clarsimp
apply(rule 1(1)[of i nm' - nm' map dterm rs rs))
apply simp-all
done
qged

lemma Lam-Red-term-itE:
(A t, t) : Red-term”"i = 3t". t' = A t" A (t,t"”) : Red-term”"i
apply (induct i arbitrary: t')apply simp
apply (erule rel-pow-Suc-E)
apply(erule Red-term.cases)
apply (simp-all)
apply blast+
done
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lemma Red-term-it: (V - rs, r) : Red-term""i
= dtsis. r = V- ts A size ts = size rs & size is = size rs N
(Vy<size ts. (rsly, tslj) © Red-term”"(islj) A islj <= i)
proof (induct i arbitrary:rs)
case (
moreover
have Fis. length is = length rs N
(Vi<size rs. (rslg, rslj) € Red-term ~"islj A islj = 0) (is Jis. 7P is)
proof
show ?P(replicate (size rs) 0) by simp
qed
ultimately show ?case by auto
next
case (Suc i rs)
from (V z - rs, r) € Red-term "~ Suc ¥
obtain r’ where r’: Vx -- rs = r’and (r';r) € Red-term "~ i
by (metis rel-pow-Suc-D2)
from r’ have Jk<size rs. Is. rslk = s A r’' = V- rs[k:=s]
proof (induct rs arbitrary: r' rule:rev-induct)
case Nil thus ?case by(fastsimp elim: Red-term.cases)
next
case (snoc 1 1s)
hence (Vz « rs) - r = r’' by simp
thus Zcase
proof (cases rule: Red-term.cases)
case (ctzt-Atl s s’ t)
then obtain k s’ where k<length rs rs | k = s"' ' = Vx - rs[k := s']]
using snoc(1) by force
then show ?thesis (is 3k < %n. 3s. 2P k s)
proof—
have k<?n A ?P k s'' using prems
by (simp add:nth-append) (metis last-snoc butlast-snoc list-update-appendl)
thus ?thesis by blast
qed
next
case (ctrt-At2 t t' s)
then show ?thesis (is 3k < ?n. 3s. 2P k s)
proof—
have size rs<?n A 2P (size rs) t’' using prems by simp
thus ?thesis by blast
qed
ged auto
qed
then obtain k s where k<size rs rslk = s and [simp|: r' = V z -+ rs[k:=s| by
metis
from Suc(1)[of rs[k:=s]] «(r’,r) € Red-term "~ i
show ?case using k<size rs) (rslk = s
apply auto
apply (rule-tac z=is[k := Suc(is'k)] in exI)
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apply (auto simp:nth-list-update)
apply (erule-tac =k in allE)
apply auto
apply (metis rel-pow-Suc-I2 relpow.simps(2))
done
qed

lemma C-Red-term-it: (C nm - 1s, r) : Red-term""i
= Jtsis. r = Cnm « ts A size ts = size rs A size is = size rs A
(Vji<size ts. (rsly, tslj) € Red-term""(islj) A islj < i)
proof (induct i arbitrary:rs)
case (
moreover
have Jis. length is = length rs A
(Vji<size rs. (rslj, rslj) € Red-term " islj A islj = 0) (is Jis. 7P is)
proof
show ?P(replicate (size rs) 0) by simp
qed
ultimately show ?case by auto
next
case (Suc i rs)
from «(C nm -+ rs, r) € Red-term ~" Suc ©
obtain r’ where r: C nm -+ rs = r’and (r',r) € Red-term " i
by (metis rel-pow-Suc-D2)
from r’ have Jk<size rs. 3s. rslk = s A v’ = C nm - rs[k:=s]
proof (induct rs arbitrary: r’ rule:rev-induct)
case Nil thus ?case by(fastsimp elim: Red-term.cases)
next
case (snoc 1 1s)
hence (C nm -- rs) - r = r' by simp
thus Zcase
proof (cases rule: Red-term.cases)
case (ctzt-Atl s s’ t)
then obtain & s’ where k<length rs rs | k = s” s’ = C nm - rs[k := s"
using snoc(1) by force
then show %thesis (is 3k < %n. Is. 9Pk s)
proof—
have k<?n A ?P k s'' using prems
by (simp add:nth-append) (metis last-snoc butlast-snoc list-update-append1)
thus ?thesis by blast
qed
next
case (ctzt-At2 t t' s)
then show ?Zthesis (is 3k < ?n. 3s. 2P k s)
proof—
have size rs<?n A ?P (size rs) t’ using prems by simp
thus “thesis by blast
qed
qed auto
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qed
then obtain k£ s where k<size rs rs'k = s and [simp]: ' = C nm -+ rs[k:=s]
by metis
from Suc(1)[of rs[k:=s]] «(r’,r) € Red-term "~ i
show ?Zcase using k<size rs) rslk =
apply auto
apply (rule-tac z=is[k := Suc(is'k)] in exI)
apply (auto simp:nth-list-update)
apply (erule-tac x=Fk in allF)
apply auto
apply (metis rel-pow-Suc-I2 relpow.simps(2))
done
qed

lemma pure-At[simp|: pure(s - t) «—— pure s N pure t
by (fastsimp elim: pure.cases)

lemma pure-foldl-At[simp]: pure(s -+ ts) «— pure s A (Vi€set ts. pure t)
by (induct ts arbitrary: s) auto

lemma nbe-C-normal-ML:
assumes term v =x t’ C-normal js7, v pure t’ shows normal t’
proof —
{fixtt'iv
assume (t,t') : Red-term""i
hence t = term v = C-normal;; v = pure t' = normal t’
proof (induct i arbitrary: t t’ v rule:less-induct)
case (less k)
show ?Zcase
proof (cases k)
case 0 thus ?thesis using less by auto
next
case (Suc 1)
then obtain i’ s where ¢ = s (s,t') : Red-term” "' and [arith]: i’ <= i
by (metis eg-imp-le less(5) Suc rel-pow-Suc-D2)
hence term v = s using Suc less by simp
thus “thesis
proof cases
case (term-C nm vs)
have 0:no-match-compR nm vs using prems by auto
let ?n = size vs
have 1: (C nm -+ map term (rev vs),t’) : Red-term”"i
using term-C «(s,t’) : Red-term”""i" by simp
with C-Red-term-it[OF 1]
obtain ¢s ks where [simp]: t' = C nm - s
and sz: size ts = n A size ks = ?n A
(Vi< ?n. (term((rev vs)li), tsli) : Red-term""(ksli) A ks 1 i < i)
by (auto cong:conj-cong)

/
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stmp

have pure-ts: Vt€set ts. pure t using <pure t" by simp
{ fix i assume i<size vs
moreover hence (term((rev vs)li), tsli) : Red-term”"(ksli) by (metis sz)
ultimately have normal (ts!7)
apply —
apply (rule less(1))
prefer 5 apply assumption
using sz Suc apply fastsimp
apply (rule refl)
using less term-C
apply (auto)
apply (metis in-set-conv-nth length-rev set-rev)
apply (metis in-set-conv-nth pure-ts sz)
done
} note 2 = this
have 3: no-match-R nm (map dterm (map term (rev vs)))
apply (subst map-dterm-term)
apply (rule no-match-R-coincide) using 0 by simp
have 4: map term (rev vs) [=%] ts
proof —
have (C nm -- map term (rev vs),t’): Red-term” "’ using prems by auto
from C-Red-term-it[OF this] obtain ts’ is
where t' = C nm -+ ts’ length ts’ = %n A length is =%n A
(Vi< ?n. (map term (revwvs) ! j, ts’ ! j) € Red-term ""is!j ANis!j <

using prems by auto

from ¢/ = C nm - ts" «t' = C nm - ts) have ts = ts’ by simp

show ?thesis using prems by (auto simp: rtrancl-is-UN-rel-pow)
qged
have 5: Vteset(map term vs). C-normal t using prems by auto
have no-match-R nm (map dterm ts)

apply auto

apply (subgoal-tac no-match aa (map dterm (map term (rev vs))))

prefer 2

using 3 apply blast

using 4 5 no-match-preserved[OF - - - refl, of map term (rev vs) ts| by
hence 6: no-match-R nm ts by (metis map-dterm-pure|OF pure-ts))
then show normal t’

apply (simp)

apply (rule normal.intros(8))

using 2 sz apply (fastsimp simp:set-conv-nth)

apply auto

apply (subgoal-tac no-match aa (take (size aa) ts))

apply (metis no-match)

apply (fastsimp intro:no-match-take)

done

next

case (term-V x vs)
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let ?n = size vs
have 1: (V z -+ map term (rev vs),t’) : Red-term""i’ using term-V «(s,t’)
: Red-term ™ "1y by simp
with Red-term-it[OF 1] obtain ts is where [simp]: t' = V z -- ts and 2:
length ts = ?n A
length is = ?n A (Vj<?n. (term (rev vs ! j), ts ! j) € Red-term “"is ! j
Adslj <)
by (auto cong:conj-cong)
have Vj< ?n. normal(ts!y)
proof (clarify)
fix j assume 0: j < ?n
then have is!j < k using (k=Suc ©) 2 by auto
have red: (term (revws ! j), ts ! j) € Red-term ""is ! j using ¢j < %n) 2
by auto
have pure: pure (ts ! j) using pure t" 0 2 by auto
have Cnm: C-normal 7, (rev vs | j) using less term-V by simp (metis
0 in-set-conv-nth length-rev set-rev)
from less(1)[OF dslj < k» refl Cnm pure red] show normal(ts!y) .
qed
note 3=this
show ?thesis by simp (metis normal.intros(1) in-set-conv-nth 2 3)
next
case (term-Clo f vs n)
let ?u = apply (lift 0 (Clo fvsn)) (Vy 0]])
from term-Clo «(s,t’) : Red-term " i)
obtain t'" where [simp]: t' = A t" and 1: (term %u, t') : Red-term""i’
by (metis Lam-Red-term-itE)
have i’ < k using (¢ = Suc ©» by arith
have pure t'' using (pure t"» by simp
have C-normal 7, ?u using less term-Clo by (simp)
from less(1)[OF i’ < ky refl «C-normal yyp, 2w pure t') 1] show ?thesis
by (simp add:normal.intros)
next
case (ctxt-term u u’)
have i’ < k using (k¢ = Suc ©» by arith
have C-normal 7, v’ by (rule C-normal-ML-inv)
(insert less ctxt-term, simp-all)
have (term u’, t') € Red-term "" i’ using prems by auto
from less(1)[OF ' < k> refl «C-normal ps7, w' <pure t" this] show ?thesis

qed auto
qged
qged
}
thus ?thesis using assms(2—) rtrancl-imp-rel-pow[OF assms(1)] by blast
qed

lemma C-normal-ML-compile:
pure t => Vi. C-normal (0 i) = C-normal ps7, (compile t o)
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by (induct t arbitrary: o) (simp-all add: C-normal-ML-lift-ML)

corollary nbe-normal:
pure t => term(comp-fized t) =x* t' = pure t' = normal t’
apply (erule nbe-C-normal-ML)
apply(simp add: C-normal-ML-compile)
apply assumption
done

7 Refinements

We ensure that all occurrences of C'y nm vs satisfy the invariant size vs =
arity nm.

A constructor value:

fun Cys :: ml = bool where
Cus(Cy nm vs) = (size vs = arity nm N (Vveset vs. Cys v)) |
Cys - = False

lemma size-foldl-At: size(C nm - ts) = size ts + listsum(map size ts)
by (induct ts rule:rev-induct) auto

lemma termination-linpats:
i < length ts = tsli = C'nm - ts’
= length ts’ + listsum (map size ts’) < length ts + listsum (map size ts)
apply (subgoal-tac C nm -+ ts’ : set ts)
prefer 2 apply (metis in-set-conv-nth)
apply (drule listsum-map-removel [of - - size])
apply (simp add:size-foldl-At)
apply (metis gr-implies-not0 length-0-conv)
done

Linear patterns:

function linpats :: tm list = bool where
linpats ts «——
(ALL i<size ts. (EX x. tsli = V x) |
(EX nm ts’. tsli = C nm - ts' A arity nm = size ts’ A linpats ts”)) &
(ALL i<size ts. ALL j<size ts. i#£j — fo(tsli) N fo(tsly) = {})
by pat-completeness auto
termination
apply (relation measure(%ts. size ts + (SUM t<—ts. size t)))
apply (auto simp:termination-linpats)
done

declare linpats.simps|simp del]

lemma eq-lists-iff-eq-nth:
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size s = size ys = (zs=ys) = (ALL i<size xs. zsli = ys!i)
by (metis nth-equalityl )

lemma pattern-subst-ML-coincidence:

pattern t = ALL i:fvt.oc i =01

= subst-ML o (comp-pat t) = subst-ML o' (comp-pat t)
by (induct pred:pattern) auto

lemma linpats-pattern: linpats ts = patterns ts
proof (induct ts rule:linpats.induct)
case (1 ts)
show Zcase
proof
fix t assume ¢t : set ts
then obtain i where i < size ts and [simp]: t = tsli
by (auto simp: in-set-conv-nth)
hence (EX z. t = V)| (EXnm ts’. t = C nm - ts' A arity nm = size ts’
& linpats ts”)
(is 2V | 20)
using 1(2) by(simp add:linpats.simps|of ts])
thus pattern t
proof
assume ?V thus ?thesis by (auto simp:pat-V)
next
assume ?C thus ?thesis using 1(1) G < size ts)
by auto (metis pat-C')
qed
qed
qed

lemma no-match-ML-swap-rev:

length ps = length vs = no-match 1, ps (rev vs) = no-match ysp, (rev ps) vs
apply (clarsimp simp: no-match-ML.simps|of ps] no-match-ML.simps[of - vs])
apply (rule-tac x=size ps — i — 1 in exl)
apply (fastsimp simp:rev-nth)
done

lemma no-match-ML-auz:
ALL v : set cvs. Cys v => linpats ps = size ps = size cvs =
Vo. map (subst g, o) (map comp-pat ps) # cvs =
no-match yrr, (map comp-pat ps) cvs
apply (induct ps arbitrary: cvs rule:linpats.induct)
apply (frule linpats-pattern)
apply (subst (asm) linpats.simps) back
apply auto
apply(case-tac ALL i<size ts. EX o. subst sy, o (comp-pat (tsli)) = cvsli)
apply (clarsimp simp:Skolem-list-nth)
apply (rename-tac os)
apply (erule-tac x=%z. (os!/(THE i. i<size ts & x : fv(tsli)))z in allE)
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apply (clarsimp simp:eq-lists-iff-eq-nth)
apply (rotate-tac —8)
apply (erule-tac z=i in allFE)
apply simp
apply (rotate-tac —1)
apply (drule sym)
apply simp
apply (erule contrapos-np)
apply (rule pattern-subst-ML-coincidence)
apply (metis in-set-conv-nth)
apply clarsimp
apply (rule-tac a=i in thel2)
apply simp
apply (metis disjoint-iff-not-equal)
apply (metis disjoint-iff-not-equal)
apply clarsimp
apply (subst no-match-ML.simps)
apply (rule-tac x=size ts — i — 1 in exl)
apply simp
apply rule
apply simp
apply (subgoal-tac ~(EX z. ts'i = V z))
prefer 2
apply fastsimp
apply (subgoal-tac EX nm ts'. tsli = C nm -- ts’ & size ts' = arity nm & linpats
ts’)
prefer 2
apply fastsimp
apply clarsimp
apply (rule-tac z=nm in exl)
apply (subgoal-tac EX nm' vs'. cvsli = C'y nm' vs’ & size vs' = arity nm’ & (ALL
v’ set vs’. Cysv'))
prefer 2
apply(drule-tac x=cuvsli in bspec)
apply simp
apply(case-tac cvs!i)
apply simp-all
apply (clarsimp simp:rev-nth rev-map[symmetric])
apply (erule-tac z=i in meta-allFE)
apply (erule-tac x=nm’ in meta-allE)
apply (erule-tac x=ts’ in meta-allF)
apply (erule-tac x=rev vs’ in meta-allE)
apply simp
apply (subgoal-tac no-match pr5, (map comp-pat ts’) (rev vs’))
apply (rule no-match-ML-swap-rev)
apply simp
apply assumption
apply (erule-tac meta-mp)
apply (metis rev-map rev-rev-ident)

o1



done
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