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Abstract

This article formalizes normalization by evaluation as implemented
in Isabelle. Lambda calculus plus term rewriting is compiled into a
functional program with pattern matching. It is proved that the result
of a successful evaluation is a) correct, i.e. equivalent to the input, and
b) in normal form.

An earlier version of this theory is described in a paper by Aehlig et

al. [1]. The normal form proof is not in that paper.
(ML)

1 Terms

types vname = nat
ml-vname = nat

types cname=int

ML terms:

datatype ml =
— ML

C-ML cname (C ppr.)
| V-ML ml-vname (V 1)
| A-ML ml (ml list) (Apg)
| Lam-ML ml (Lam 7))
— the universal datatype
| Cy cname (ml list)
| Vi vname (ml list)
| Clo ml (ml list) nat

— ML function apply
| apply ml ml

Lambda-terms:

datatype tm = C cname | V oname | A tm | At tm tm (infix - 100)
| term ml — ML function term



The following locale captures type conventions for variables. It is not
actually used, merely a formal comment.

locale Vars =

fixes r s t:: tm

and rs ss ts :: tm list
and u v w :: ml

and us vs ws :: ml list
and nm :: cname
and z :: vname

and X :: ml-vname

The subset of pure terms:

inductive pure :: tm = bool where
pure(C nm) |

pure(V z) |

Lam: pure t = pure(A t) |

pure s = pure t => pure(s-t)

declare pure.intros[simp]
declare Lam[simp del]

lemma pure-Lam|[simp]: pure(A t) = pure t
(proof)
Closed terms w.r.t. ML variables:

fun closed-ML :: nat = ml = bool (closed ps7,) where

closed yrr, i (Cpqr, nm) = True |

closed ppr, i (Vo X) = (X<i) |

closed ppr, i (Apgr, v vs) = (closed yyr, i v A (Vv € set vs. closed ypg, i v)) |
closed ppr, i (Lam gy, v) = closed ypy, (i4+1) v |

closed prr, i (Cy nm vs) = (Vv € set vs. closed yp, i v) |

closed pr, i+ (Vy nmovs) = (Vv € set vs. closed pgp, i v) |

closed ppr, i (Clo fosn) = (closedyp i f N (Vv € set vs. closed g i v)) |
closed 7, 1 (apply v w) = (closed pyp, i v A closed yy @ w)

fun closed-tm-ML :: nat = tm = bool (closed ys;) where
closed-tm-ML i (r-s) = (closed-tm-ML i r A closed-tm-ML i s) |
closed-tm-ML i (A t) = (closed-tm-ML i t) |

closed-tm-ML i (term v) = closed-ML i v |

closed-tm-ML i v = True

Free variables:

fun fuo-ML :: ml = ml-vname set (fv ;) where

foyr (Cpypp nm) = {} |

fopr, (Vo X) = {X} |

foprr, (Apr vus) = fopr v U (U € set vs. foyg v) |
foyr, (Lamp, v) = {X. Suc X : fopg v} |

foyr (Cu nmows) = (Jv € set vs. foyg v) |

foyrr, (Vi nmowvs) = (Jv € set vs. foyy v) |



foyr (Clo fosn) = foyg fU (U € set vs. fopg v) |
foyr (apply v w) = fopr, v U foyr w

primrec fv :: tm = vname set where
fv (Cnm) = {} |

fo(VX)={X} |

fo(s-t)y=fosU fot|

fo (At)={X. Suc X : fut}

1.1 Iterated Term Application

abbreviation foldi-At (infix -- 90) where
t - ts = foldl (op -) t ts

Auxiliary measure function:

primrec depth-At :: tm = nat

where
depth-At(C nm) = 0
| depth-At(V z) =
| depth-At(s « t) = depth At's + 1
| depth-At(A t) =
| depth-At(term v) =0

lemma depth-At-foldl:
depth-At(s -+ ts) = depth-At s + size ts
(proof)

lemma foldi-At-eqg-lemma: size ts = size ts' =
sets =8 ts'—— s=38"Nts=ts

(proof)

lemma foldl-At-eq-length:
s+ ts = s - ts' = length ts = length ts’
(proof)

lemma foldi-At-eq[simp]: s ++ ts = s == ts' —— ts = ts’

(proof)

lemma term-eq-foldl-At[simp):
term v =t - ts «— t = term v A ts = ||

(proof)

lemma At-eg-foldl-At[simp]:

TS =1+ 18

(if ts=[] then t = r - s else s = last ts A r = t -+ butlast ts)
(proof)

lemma foldi-At-eq-At[simp):
tets=1-8«—
(if ts=[] then t = r - s else s = last ts A v = t -+ butlast ts)



{proof)

lemma Lam-eq-foldl-At[simp]:
As=t-ts—t=AsAts=]
(proof)

lemma foldi-At-eq-Lam[simp]:
teets=ANs——t=AsANts=]
(proof )

lemma [simp]: s - t # s

{proof)

fun atomic-tm :: tm = bool where
atomic-tm(s « t) = False |
atomic-tm(-) = True

fun head-tm where
head-tm(s - t) = head-tm s |
head-tm(s) = s

fun args-tm where
args-tm(s - t) = args-tm s @ [¢] |
args-tm(-) = ||

lemma head-tm-foldl-At[simp]: head-tm(s -+ ts) = head-tm s
(proof)

lemma args-tm-foldl-At[simp]: args-tm(s -+ ts) = args-tm s Q ts

(proof)

lemma tm-eq-iff:

atomic-tm(head-tm s) = atomic-tm(head-tm t)

= s =t «— head-tm s = head-tm t N\ args-tm s = args-tm t
(proof )
declare

tm-eq-iff [of h -+ ts, standard, simp]

tm-eq-iff [of - h -~ ts, standard, simp)

lemma atomic-tm-head-tm: atomic-tm(head-tm t)

{proof)

lemma head-tm-idem: head-tm(head-tm t) = head-tm t

{(proof)

lemma args-tm-head-tm: args-tm(head-tm t) = ||



{proof)

lemma eta-head-args: t = head-tm t +- args-tm t

(proof)

lemma tm-vector-cases:
3nts.t=Vmn-ts)V
(nmts. t = Cnm - ts) V
(Ft'ts.t=At - ts) Vv
(o ts. t = term v - ts)

{proof)

lemma fv-head-C[simp]: fo (t - ts) = fot U (|Jt€Eset ts. fo t)
(proof)

1.2 Lifting and Substitution

fun lift-ml :: nat = ml = ml (lift) where

lifti (CML nm) = CML nm ‘

lift o (Vi X) = Vi X |

lift i (App, v vs) = Apgp, (lift 3 v) (map (lift i) vs) |

lift i (Lam g, v) = Lam g, (lift i v) |

lift i (Cy nm vs) = Cy nm (map (lift i) vs) |

lft i (Vy zws) = Vy (if z < i then z else z+1) (map (lift i) vs) |
lift i (Clo v vsn) = Clo (lift i v) (map (lift i) vs) n |

lift i (apply w v) = apply (lift i w) (lift i v)

lemmas mil-induct = lift-ml.induct[of \i v. P v, standard)]

fun lift-tm :: nat = tm = tm (lift) where
lift i (Cnm) = Cnm |

lft i (V)= V(ifx <ithen z else z+1) |
lft i (s-t) = (lift i s)-(lift i t) |
lft i (A t) = A(lift (i4+1) ) |
lift i (term v) = term (lift i v)

fun lift- ML :: nat = ml = ml (lift );;) where

lift ppr, @ (C g, mm) = C g, mm |

Uftayrr, @ (Viyr X) = Vi (if X < i then X else X+1) |
liftpr @ (Apyg v vs) = Apgr, (liftpgg, i v) (map (Lift g, 1) vs) |
lift ppr, @ (Lamygg, v) = Lam gy, (Lift g, (i41) v) |

lift prr, o (Cu mmows) = Cy nm (map (lift ppg, @) vs) |

lftyrr, @ (Vo zvs) = Vi o (map (liftppg, ©) vs) |

liftprr, @ (Clo v ws n) = Clo (lift g, i v) (map (liftpyp, 1) vs) n |
lift ppr, @ (apply w v) = apply (lift pp, @ w) (liftppp, i v)
definition

cons :: tm = (nat = tm) = (nat = tm) (infix ## 65) where



t##o = Ni. case i of 0 = ¢ | Sucj = lift 0 (o j)

definition
cons-ML :: ml = (nat = ml) = (nat = ml) (infix ## 65) where
vH#H#o = Xi. case i of 0 = viml | Suc j = liftyr, 0 (0 7)

Only for pure terms!

primrec subst :: (nat = tm) = tm = tm
where
subst o (C'mm) = C nm
| subst o (V) =0z
| subst o (A t) = A(subst (V 0 #4# o) t)
| subst o (s-t) = (subst o s) - (subst o t)

fun subst-ML :: (nat = ml) = ml = ml (subst ;) where

subst pr, 0 (Cpgp, nm) = Cpyp, nm |

substyr, 0 (Vo X) =0 X |

subst pr, o (Apgr, v vs) = Apyp, (substpyr, o v) (map (subst g, o) vs) |
subst prr, o (Lampyp, v) = Lam gy, (substyp, (Vg 0 ## o) v) |
substyyr, 0 (Cu nm wvs) = Cy nm (map (substyyp, o) vs) |

substyr, o (Vu xvs) = Vy o (map (subst g, o) vs) |

subst pyr, 0 (Clo v vs n) = Clo (subst pr, o v) (map (subst g, o) vs) n |
subst prr, o (apply w v) = apply (subst yrp, o u) (subst o v)

abbreviation

subst-decr :: nat = tm = nat = tm where

subst-decr k t = An. if n<k then V n else if n=Fk then t else V(n — 1)
abbreviation

subst-decr-ML :: nat = ml = nat = ml where
subst-decr-ML k v = An. if n<k then V pp, n else if n=Fk then v else V pr.(n — 1)
abbreviation

substl :: tm = tm = nat = tm ((-/[-'/-]) [300, 0, 0] 300) where
s[t/k] = subst (subst-decr k t) s
abbreviation

substl-ML :: ml = ml = nat = ml ((-/[-'/-]) [300, 0, 0] 300) where
u[v/k] = subst yp7, (subst-decr-ML k v) u

lemma apply-cons|simp]:
(t##0) i = (if i=0 then t::tm else lift 0 (o(i — 1)))
{proof)

lemma apply-cons-ML[simp]:
(v##0o) i = (if i=0 then viml else lift yp, 0 (0(1 — 1)))
(proof)

lemma lift-foldl-At[simp]:
lift k (s - ts) = (lift k s) - (map (lift k) ts)
(proof)



lemma [ift-lift-ml: fixes v :: ml shows
i < k+1 = lift (Suc k) (lift i v) = lift i (lift k v)
(proof)

lemma lift-lift-tm: fixes t :: tm shows
i < k+1 = lift (Suck) (liftit) =1lifti (lift kt)
(proof )

lemma [ift-lift-ML:
i < k+1 = Uftpyg (Suc k) (lift g i v) = lftyr @ (Uft g ko)
(proof )

lemma [ift-lift-ML-comm:
lft j (Liftpgp, @ v) = Lift g, o (lift j v)
{proof )

lemma V-ML-cons-ML-subst-decr|[simp]:
Vur 0 ## subst-decr-ML k v = subst-decr-ML (Suc k) (lift ppp, 0 v)
(proof)

lemma shift-subst-decr[simp]:
V 0 #+4 subst-decr k t = subst-decr (Suc k) (lift 0 t)
(proof )

lemma lift-comp-subst-decr|[simp):
lift 0 o subst-decr-ML k v = subst-decr-ML k (lift 0 v)
(proof)

lemma subst-ML-ext: Vi. 0 @ = o' i = substpp, 0 v = subst i, o' v
(proof)

lemma subst-ext: Vi. 0 1 = 0’ i = subst 0 v = subst o’ v

(proof)

lemma lift- Pure-tms|[simp|: pure t => pure(lift k t)

(proof)

lemma cons-ML-V-ML[simp): (V i, 0 ## V) = VL
{proof)

lemma cons-V[simp): (VO ## V)=V
(proof)

lemma lift-o-shift: lift k o (Vp 0 #4# o) = (Vyr 0 ## (lift k o o))
(proof)

lemma [lift-subst-ML:
lift k (subst gy, o v) = subst g, (lift k o o) (lift k v)
(proof)



corollary lift-subst-ML1:
Vo k. lift-ml 0 (u[v/k]) = (lift-ml 0 w)[lift 0 v/k]
(proof )

lemma lift-ML-subst-ML:
liftML k (SUbStML g ’U) =
subst pp, (M. if i<k then liftppp k (0 @) else if i=k then V pgp k else lift &
(o(i — 1)) (liftppr, K v)
(is - = substyyp, (%insrt k o) (liftppr k v))
(proof )

corollary subst-cons-lift:
subst prr, (VML 0 ## o) o (liftps, 0) = liftyr, 0 o (subst g, o)
{proof )

lemma lift-ML-id[simp]: closed pp, kv = lift i kv = v
(proof)

lemma subst-ML-id:
closedyyp, kv = Vi<k.o i =V it = substyyy o v =v
(proof)

corollary subst-ML-id2[simp]: closed pyy, 0 v == subst g, 0 v = v
(proof)

lemma subst-ML-coincidence:
closed yyp, kv = Vi<k.o i = 0’ i = substy, 0 v = substyy;, o' v
(proof)

lemma subst-ML-comp:
subst pgr, o (subst g, o' v) = subst g (substp, o o o’) v

(proof)

lemma subst-ML-comp2:
Vi. o' i = substpg, o (0’ i) = substy, o (substy, o’ v) = subst g, o v
(proof)

lemma closed-tm-ML-foldl-At:
closed yry, k (t - ts) «— closed sy, k't A (Vt € set ts. closed yrp, k t)
(proof)

lemma closed-ML-lift[simp]:
fixes v :: ml shows closed y;;, k v = closed y;;, k (lift m v)
(proof)

lemma closed-ML-Suc: closed jj;, n v => closed pr1, (Suc n) (lift pyp, k v)
(proof )



lemma closed-ML-subst-ML:
Vi. closed pp, k (0 1) = closed yy7, k (subst 1, o v)
(proof)

lemma closed-ML-subst-ML2:
closed pyp, kv = Vi<k. closed ps5, 1 (0 i) = closed ps7, 1 (substyp o v)
(proof )

lemma subst-foldl[simp]:
subst o (s - ts) = (subst o s) -+ (map (subst o) ts)
(proof )

lemma subst-V: pure t = subst Vit =t

{(proof)

lemma lift-subst-auz:

pure t = Vi<k.o' i =lift k (o i) =

Vi>k. o'(Suc i) = lift k (0 i) =

o'k =Vk= lift k (subst o t) = subst o’ (lift k t)
(proof)

corollary lift-subst:
pure t = lift 0 (subst o t) = subst (V 0 ## o) (lift 01)
(proof)

lemma subst-comp:

pure t => Vi. pure(o’ i) =

o' = (Xi. subst o (0 i)) = subst o (subst o’ t) = subst o'’ t
(proof )

2 Reduction

2.1 Patterns

inductive pattern :: tm = bool
and patterns :: tm list = bool where
patterns ts = YV tEset ts. pattern t |
pat-V: pattern(V X) |
pat-C': patterns ts = pattern(C nm -+ ts)

lemma pattern-Lam[simp]: — pattern(A t)

(proof)

lemma pattern-At'D12: pattern r = r = (s - t) = paltern s A pattern t
(proof)

lemma pattern-AtD12: pattern(s - t) = pattern s A pattern t

(proof)



lemma pattern-At-vecD: pattern(s -+ ts) = patterns ts

(proof)

lemma pattern-At-decomp: pattern(s - t) = Inm ss. s = C nm -+ ss

(proof)

2.2 Reduction of \-terms

The source program:

axiomatization R :: (cname x tm list * tm)set where

pure-R: (nm,ts,t) : R = (Vt € set ts. pure t) A pure t and
f-R: (nmyts,t) : R = X : fot = 3t' € set ts. X : fo t’ and
pattern-R: (nm,ts,t’) : R = patterns ts

inductive-set
Red-tm :: (tm * tm)set
and red-tm :: [tm, tm] => bool (infix] — 50)
where
s — t = (s, t) € Red-tm
— (-reduction
| (At) s — t[s/0]
— m-expansion
[t = A((Liftot) - (V0))
— Rewriting
| (nmyts,t) : R = (C' nm) -+ (map (subst o) ts) — subst o ¢
|t —-t'= At — At
|s = s'= st —s'-t
|t -t/ = s-t—>s-t

abbreviation
reds-tm :: [tm, tm] => bool (infix] —x* 50) where
s —x t = (s, t) € Red-tm "

inductive-set

Reds-tm-list :: (tm list * tm list) set

and reds-tm-list :: [tm list, tm list] = bool (infix]l —x 50)
where

ss —x ts = (ss, ts) € Reds-tm-list

[0 ==

| ts —x ts' = t —x t/ = t#ts —x t'#ts’

declare Reds-tm-list.intros[simp]

lemma Reds-tm-list-refl[simp]: fixes ts :: tm list shows ts —x ts

(proof)

lemma Red-tm-append: 1s —* rs’ = ts —* ts' = s Q ts —* rs' Q ts’
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(proof)

lemma Red-tm-rev: ts —* ts' => rev ts —* rev ts'

(proof)

lemma red-Lam[simp]: t —* t' = At —* A t’
(proof)

lemma red-Atl[simpl: t =« t' =t s —xt'-s

(proof)

lemma red-At2[simp]: t =« t' = s+t —% s t’
(proof)

lemma Reds-tm-list-foldl-At:
ts —x ts' => 5 —* 8/ => 5 - ts —x s’ -+ ts

(proof)

/

2.3 Reduction of ML-terms

The compiled rule set:

consts compR :: (cname * ml list * ml)set
The actual definition is given in §4 below.

Now we characterize ML values that cannot possibly be rewritten by a
rule in compR.

lemma termination-no-match-ML:

1 < length ps = rev ps | i = Cy nm vs

= listsum (map size vs) < listsum (map size ps)
(proof)

declare conj-cong|fundef-cong]

function no-match-ML (no’-match py7,) where
no-match prr ps 0s =
(3i < min (size 0s) (size ps).
Inm nm’ vs vs'. (rev ps)li = Cy nm vs A (rev 0s)li = Cy nm' vs’ A
(nm=nm' — no-match 5, vs vs'))

(proof)
termination

(proof)

abbreviation
no-match-compR nm os =
¥ (nm',ps,v)€ compR. nm=nm’' — no-match s, ps os

declare no-match-ML.simps|[simp del]
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inductive-set
Red-ml :: (ml x ml)set
and Red-ml-list :: (ml list x ml list)set
and red-ml :: [ml, ml] => bool (infixl = 50)
and red-ml-list :: [ml list, ml list] => bool (infixl = 50)
and reds-ml :: [ml, ml] => bool (infixl =% 50)
where
s =t=(s,t) € Red-ml
| ss = ts = (ss, ts) € Red-ml-list
| s =t = (s, t) € Red-ml"
— ML [-reduction
| Ay (Lamagy, ) [v] = ufo/0]
— Execution of a compiled rewrite rule
| (nm,vs,v) : compR =V 1. closed gy, 0 (0 1) =
Ay, (Cpr, nm) (map (substyyp, o) vs) = subst g, o v
— default rule:
| Vi. closed pyp, 0 (o 9)
= vs = map V y, [0..<arity nm] = vs’ = map (subst 1, o) vs
= no-match-compR nm vs’
= Ay, (Cpyp, vm) vs’ = substyp, o (Cy nm vs)
— Equations for function apply
| apply-Clo1: apply (Clo fvs (Suc 0)) v = Ay [ (v # vs)
| apply-Clo2: n > 0 =
apply (Clo fus (Suc n)) v= Clof (v# vs) n
| apply-C: apply (Cy nm vs) v = Cy nm (v # vs)
| apply-V: apply (Vy zvs) v= Vy z (v # vs)
— Context rules
| ctat-C: vs = vs' = Cy nm vs = Cy nm vs’
| ctat-V: vs = vs' = Vy zvs = Vy x vs’
| ctat-Clol: f = f' = Clofusn = Clof' vsn
| ctet-Clo3: vs = vs' = Clo fvs n = Clo fus'n
| ctxt-applyl: s = s’ = apply s t = apply s’ t
| ctat-apply2: t = t' = apply s t = apply s t’
| ctet-A-ML1: f = f' = Ay fos = Ay [/ ovs
| ctat-A-ML2: vs = vs' = A, fvs = Ay, fos’
| ctat-listl: v = v/ = v#vs = v'#vs
| ctot-list2: vs = vs' = v#vs = vH#vs'

inductive-set
Red-term :: (tm = tm)set
and red-term :: [tm, tm] => bool (infixl = 50)
and reds-term :: [tm, tm] => bool (infixl ==x 50)
where
s =1t = (s, t) € Red-term
| s =% t = (s, t) € Red-term "x
— function term
| term-C': term (Cy nm vs) = (C nm) -~ (map term (rev vs))
| term-V: term (Vy z vs) = (V z) -+ (map term (rev vs))
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| term-Clo: term(Clo vf vs n) = A (term (apply (lift 0 (Clo vf vs n)) (Vy 0 [])))
— context rules

| ctat-Lam: t = t' = At = A t’

| ctat-Atl: s = ' = s-t=s"-t

| ctat-At2: t = t' = s-t=s-1’

| ctxt-term: v = v/ = term v = term v’

3 Kernel

First a special size function and some lemmas for the termination proof of
the kernel function.

fun size’ :: ml = nat where
size' (Cpyp, nm) = 1 |

/
size! (Vi X) =1 |
size’ (A, v vs) = (size’ v + (O ve—wvs. size’ v))+1 |
size’ (Lam g, v) = size’ v + 1 |
size' (Cy nm vs) = (O ve—uvs. size’ v)+1 |
size' (Vg nm vs) = (3 vewvs. size’ v)+1 |
size’ (Clo fvs n) = (size’ f + (O ve—wvs. size’ v))+1 |
size' (apply v w) = (size’ v + size’ w)+1

lemma listsum-size [simp]:
v € set vs = size’ v < Suc(listsum (map size’ vs))

{proof)

corollary cor-listsum-size[simp]:
v € set vs => size’ v < Suc(m + listsum (map size’ vs))

(proof)

lemma size’-lift-ML: size’ (lift 1, k v) = size’ v
(proof)

lemma size’-subst-ML[simp]:
Vij. size'(c 1) = 1 = size’ (substyy, o v) = size’ v

{proof)

lemma size'-lift[simp]: size’ (lift i v) = size’ v

(proof)

function kernel :: mli = tm (-! 300) where

(
(Apr v vs)' = v' - (map kernel (rev vs)) |
(Lam'yg, 0)! = A (s 0 0)[V 0 [/0)) |

(Cy nm ws)! = (C nm) - (map kernel (rev vs)) |
(Vu zws)l = (Vx) « (map kernel (rev vs)) |
(Clo fus n)! = fl + (map kernel (rev vs)) |
(apply v w)! = o - (w!)

(V yr X)! = undefined
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(proof)

termination (proof)

primrec kernelt :: tm = tm (-! 300)

where

(Cnm)! = C nm
| (V) =Va
(s - D) = (s!) - (1)
| (A1) = A()
| (term v)! = v!
abbreviation

kernels = ml list = tm list (-] 300) where
vs! = map kernel vs

lemma kernel-pure: assumes pure t shows t! =t

(proof)

lemma kernel-foldl-At[simp]: (s «- ts)! = (s!) -+ (map kernelt ts)
(proof)

lemma kernelt-o-term|[simp]: (kernelt o term) = kernel
(proof)

lemma pure-foldl:

pure t => Vteset ts. pure t =

(s t. pure s = pure t = pure(fst)) =
pure(foldl f t ts)

(proof)

lemma pure-kernel: fixes v :: ml shows closed j7, 0 v = pure(v!)

(proof)

corollary subst-V-kernel: fixes v :: ml shows
closed yrr, 0 v => subst V (v!) = v!

(proof)

lemma kernel-lift-tm: fixes v :: ml shows
closed ppr, 0 v = (lift i v)! = lift i (v!)
(proof )

3.1 An auxiliary substitution

This function is only introduced to prove the involved susbtitution lemma
kernel-substl below.

fun subst-ml :: (nat = nat) = ml = ml where

subst-ml o (Cprp, nm) = Cppp, nm |

subst-ml o (Vi X) = Vi X |

subst-ml o (App, v vs) = Ay, (subst-ml o v) (map (subst-ml o) vs) |
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subst-ml o (Lam s, v) = Lam g, (subst-ml o v) |

subst-ml o (Cy nm vs) = Cy nm (map (subst-ml o) vs) |

subst-ml o (Vy zvs) = Vy (o z) (map (subst-ml o) vs) |

subst-ml o (Clo v vs n) = Clo (subst-ml o v) (map (subst-ml o) vs) n |
subst-ml o (apply v v) = apply (subst-ml o u) (subst-ml o v)

lemma [lift-ML-subst-ml:
lift pir, k (subst-ml o v) = subst-ml o (lift 1, k v)
(proof)

lemma subst-mi-subst-ML:
subst-ml o (subst pr, 0’ v) = subst y7, (subst-ml o 0 o) (subst-ml o v)
(proof)

Maybe this should be the def of lift:

lemma lift-is-subst-ml: lift k v = subst-ml (An. if n<k then n else n+1) v
(proof)

lemma subst-ml-comp: subst-ml o (subst-ml o’ v) = subst-ml (o 0 ') v

(proof)

lemma subst-kernel:
closed yr, 0 v => subst (An. V(o n)) (v!) = (subst-ml o v)!
(proof)

lemma if-cong0: If xyz = Ifx y 2
(proof)

lemma kernel-subst1:
closed py7, 0 v = closed y57, (Suc 0) u =
kernel(ulv/0]) = (kernel((lift 0 w)[Vy 0 []/0]))[v!/0]
(proof)

4 Compiler

axiomatization arity :: cname = nat

primrec compile :: tm = (nat = ml) = ml
where
compile (Vz)o =0z
| compile (C'nm) o = Clo (C 7, nm) || (arity nm)
| compile (s - t) o = apply (compile s o) (compile t o)
| compile (A t) o = Clo (Lampyy, (compile t (Vpp, 0 #4 0))) [] 1

Compiler for open terms and for terms with fixed free variables:

definition comp-open t = compile t V y;1,
abbreviation comp-fizred t = compile t (A\i. Vi i [])

Compiled rules:
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lemma size-args-less-size-tm[simp]: s € set (args-tm t) = size s < size t

{proof)

fun comp-pat where
comp-pat t =
(case head-tm t of
C nm = Cy nm (map comp-pat (rev (args-tm t)))
| VX = VML X)

declare comp-pat.simps[simp del| size-args-less-size-tm[simp del]

lemma comp-pat-V[simp|: comp-pat(V X) = Vi X
(proof)

lemma comp-pat-C|[simp]:
comp-pat(C nm - ts) = Cy nm (map comp-pat (rev ts))

{proof)

lemma comp-pat-C-Nil[simp]: comp-pat(C nm) = Cy nm ||

(proof)

defs compR-def:
compR = (A(nm,ts,t). (nm, map comp-pat (rev ts), comp-open t)) R

lemma fv-ML-comp-open: pure t => fv 7 (comp-open t) = fu t

{proof)

lemma fv-ML-comp-pat: pattern t = foyp(comp-pat t) = fo t
(proof )

lemma fv-compR-auz:
(nm,ts,t") : R = x € fupg, (comp-open t’)
= Jteset ts. © € fopr(comp-pat t)
(proof)

lemma fv-compR:
(nm,vs,v) : compR = ¢ € fop, v = Ju€Eset vs. x € foyy u
(proof)

lemma [lift-compile:
pure t => Vo k. lift k (compile t o) = compile t (lift k o o)
(proof)

lemma subst-ML-compile:
pure t = subst yy7, o’ (compile t o) = compile t (subst s, o' 0 o)

(proof)
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theorem kernel-compile:
pure t =>Vi.oi= Vy i [ = (compile t o) =t
(proof )

lemma kernel-subst-ML-pat:
pure t = pattern t = YV i. closed p57, 0 (0 i) =
(subst g1, o (comp-pat t))! = subst (kernel o o) t
(proof)

lemma kernel-subst-ML:

pure t = Vi. closed ;0 (0 i) =

(subst pyr, o (comp-open t))! = subst (kernel o o) t
(proof)

lemma kernel-subst-ML-pat-map:
V't € set ts. pure t = patterns ts = Vi. closedyy 0 (0 1) =
map kernel (map (subst sz, o) (map comp-pat ts)) =
map (subst (kernel o o)) ts

(proof)

lemma compR-Red-tm: (nm, vs, v) : compR =¥ 1. closed 5, 0 (0 1)
= C nm - (map (subst 7, o) (rev vs))! —* (subst g, o v)!

(proof)

5 Correctness

lemma eq-Red-tm-trans: s =t =t — t' = s — t'

(proof)
Soundness of reduction:

theorem fixes v :: ml shows Red-mli-sound:
v = v’ = closed 7, 0 v = v! —% vl A closed y;;, 0 v’ and
vs = vs' = Vveset vs. closed yp, 0 v =
vs! —x vs't A (Yu'eset vs'. closed pyp, 0 v')

(proof)

theorem Red-term-sound:
t = t' = closed pj;, 0 t = kernelt t —x kernelt t' A closed pyy, 0t'
(proof)

corollary kernel-inv:
(t ::tm) =% t' = closed pyp, 0t = t! —x t' A closed yp, 0t/

(proof)

lemma closed-ML-compile:
pure t => Vi. closedyp n (0 i) = closed jy7, n (compile t o)

{proof)

theorem nbe-correct: fixes ¢ :: tm
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assumes pure t and term (comp-fized t) == t’ and pure t’ shows t —x t’

{proof)

6 Normal Forms

inductive normal :: tm = bool where

Viteset ts. normal t = normal(V x - ts) |

normal t = normal(A t) |

Vteset ts. normal t =

Vo. V¥ (nm'ls,r)eR. =(nm = nm’ A take (size ls) ts = map (subst o) Is)
= normal(C nm - ts)

fun C-normal-ML :: ml = bool (C’-normal ;7)) where
C-normal p1,(Cy nm vs) =
((Yveset vs. C-normal ppp, v) A no-match-compR nm vs) |
C-normal yr1, (Cppp, -) = True |
C-normal pr1, (V pq1, -) = True |
C-normal ps1, (Aprg, v vs) = (C-normal s, v A (Yo € set vs. C-normal g7, v)) |
C-normal prp, (Lampgp, v) = C-normal yrp, v |
C-normal yir, (Vi z vs) = (Yo € set vs. C-normal yy7, v) |
C-normal pg1, (Clo v vs -) = (C-normalyp, v A (Vv € set vs. C-normal y7, v)) |
C-normal pr7, (apply uw v) = (C-normal jr7, u A C-normal pry, v)

fun size-tm :: tm = nat where

size-tm (C'-) = 1 |

size-tm (At s t) = size-tm s + size-tm t + 1 |
size-tm - = 0

lemma size-tm-foldl-At: size-tm(t -+ ts) = size-tm t + list-size size-tm ts
(proof)

lemma termination-no-match:
1 < length ss => ss ! i = C nm - ts
= listsum (map size-tm ts) < listsum (map size-tm ss)

(proof)
declare conj-cong [fundef-cong]

function no-match :: tm list = tm list = bool where
no-match ps ts =
(3i < min (size ts) (size ps).
Inm nm’ rs rs’. psli = (C nm) - rs A tsli = (C nm/') -- rs’ A
(nm=nm' — no-match rs rs’))

(proof)

termination
(proof)

declare no-match.simps|[simp del]
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abbreviation
no-match-R nm ts =V (nm/,ps,t)e R. nm=nm' — no-match ps ts

lemma no-match: no-match ps ts = —=(Jo. map (subst o) ps = ts)

(proof)

lemma no-match-take: no-match ps ts = no-match ps (take (size ps) ts)

(proof)

fun dterm-ML :: ml = tm (dtermp,;) where
dterm pgr, (Cy nm vs) = C nm -+ map dterm gy, (rev vs) |
dtermpyyg, -=V 0

fun dterm :: tm = tm where
dterm (Vn) = Vn |

dterm (C nm) = C nm |

dterm (s - t) = dterm s - dterm t |
dterm (A t) = A (dterm t) |

dterm (term v) = dterm g, v

lemma dterm-pure[simp]: pure t => dterm t =t

{proof)

lemma map-dterm-pure[simp]: ¥ tE€set ts. pure t = map dterm ts = ts

{(proof)

lemma map-dterm-term|[simp]: map dterm (map term vs) = map dterm psr, vs

{proof)

lemma dterm-foldl-At[simp]: dterm(t -+ ts) = dterm t -~ map dterm ts
(proof)

lemma no-match-coincide:

no-match yrr, ps vs =

no-match (map dterm yry, (rev ps)) (map dterm ppy, (rev vs))
(proof)

lemma dterm-ML-comp-patD:
pattern t = dterm py, (comp-pat t) = C nm - rs = Jts. t = C nm - ts
(proof)

lemma no-match-R-coincide-auz[rule-format]: patterns ts =
no-match (map (dterm g, o comp-pat) ts) rs — no-match ts rs

{proof)

lemma no-match-R-coincide:
no-match-compR nm (rev vs) = no-match-R nm (map dterm ps7, vs)

{proof)
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inductive C-normal :: tm = bool where

Viteset ts. C-normal t = C-normal(V x - ts) |
C-normal t = C-normal(A t) |

C-normal j7, v = C-normal(term v) |

Vieset ts. C-normal t = no-match-R nm (map dterm ts)
= C-normal(C nm -+ ts)

declare C-normal.intros[simp]

lemma C-normal-term[simp]: C-normal(term v) = C-normal ps, v
(proof)

lemma [simp]: C-normal(A t) = C-normal t

(proof)

lemma [simp]: C-normal(V z)
(proof)

lemma [simp]: dterm (dterm s, v) = dterm g, v

(proof)

lemma u=(v::ml) = True and
Red-mli-list-length: vs = vs’ = length vs = length vs’

(proof)

lemma (v:ml) = v/ = True and
Red-ml-list-nth: (vs::ml list) = vs’
= Jov’ k. k<size vs A vslk = v’ A vs' = vs[k := v/

{(proof)

lemma Red-ml-list-pres-no-match:
no-match 7, ps vs = vs = vs' = no-match ysy, ps vs'
(proof)

lemma no-match-ML-subst-ML[rule-format]:

Vveset vs. Veefv g v. C-normalyp (0 ©) =

no-match ypr, ps vs — no-match pr, ps (map (subst yp7, o) vs)
(proof)

lemma [ift-is-CUD:
liftyrr, kv = Cy nm s’ = Jus. v = Cy nm vs A vs’" = map (liftyyp k) vs
(proof )

lemma no-match-ML-lift-ML:
no-match prr, ps (map (lift ypp k) vs) = no-match yy7, ps vs
(proof)

20



lemma C-normal-ML-lift-ML: C-normal yy7,(lift pp1, k v) = C-normal yrp, v
(proof)

lemma no-match-compR-Cons:
no-match-compR nm vs = no-match-compR nm (v # vs)

(proof)

lemma C-normal-ML-comp-open: pure t => C-normal js1,(comp-open t)

(proof)

lemma C-normal-compR-rhs: (nm, vs, v) € compR = C-normal 7, v

{proof)

lemma C-normal-ML-subst-ML:
C-normal prg, (subst yrp, 0 v) = (Ya€fo g, v. C-normal 1, (0 )

{proof)

lemma C-normal-ML-subst-ML-iff: C-normal 7, v =
C-normal yry, (subst pp, 0 v) «—— (Yz€fvyg v. C-normal gy, (0 x))

(proof)

lemma C-normal-ML-inv: v = v/ => C-normal j;;, v = C-normal sy, v’ and
vs = vs' = Yweset vs. C-normal ;v = Yv'eset vs’. C-normal yy, v’

(proof)

lemma Red-term-hnf-induct[consumes 1]:
assumes (t::tm) = ¢’
Anm vs ts. P ((term (Cy nm vs)) -- ts) ((C nm -+ map term (rev vs)) -- s)
Nz vs ts. P (term (Vy x vs) - ts) (V z -+ map term (rev vs)) -- ts)
Novf vs n ts.
P (term (Clo vf vs n) - ts)
((A (term (apply (lift 0 (Clo vf vs n)) (Vy 0]])))) - ts)
ANtt'ts. [t =t Ptt] = P (At ts) (At - ts)
Nvv'ts. v = v = P (term v - ts) (term v’ - ts)
Nz i t! ts. i<size ts = tsli = t' = P (tsli) (¢')
= P (Vaz - ts) (V- ts[iz=t"])
Anm it ts. i<size ts = tsli = t' = P (tsli) (t)
= P (Cnm - ts) (Cnm - ts[i:=t"])
Ntit'ts. i<size ts = tsli = t' = P (tsli) (t')
= P (At ts) (At - ts[iz=t"])
Nvit!ts. i<size ts = tsli = t' = P (tsli) (¢')
= P (term v - ts) (term v - (ts[i:=t"]))
shows Pt ¢’
(proof)

corollary Red-term-hnf-cases[consumes 1]:
assumes (t::tm) = t’
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Anm vs ts.

t = term (Cy nm vs) - ts => t' = (C nm -- map term (rev vs)) ++ ts = P

Nz vs ts.
t =term (Vy zvs) - ts = t' = (V z -+ map term (rev vs)) -- ts = P
Novf vs n ts. t = term (Clo vuf vs n) - ts =

t"= A (term (apply (lift 0 (Clo vfvsn)) (Vy 01])))  ts = P
Nss'ts. t=ANs—ts=t'=As' - ts=s=s'"= P
Nvv'ts. t =termov - ts = t'=term v’ ts = v =v' = P
Nz ir!ts. i<size ts = tsli = r’

= t=Vz -ts=t'=Vaz . tsfii=r] = P
Anm i r' ts. i<size ts = tsli = r'

= t=Cnm «ts=t'= Cnm . ts[iz==r] = P
Nsir'ts. i<size ts = tsli = r’

= t=As-ts=t'=As- tsfic=r] =P
Avir!ts. i<size ts = tsli = r’

= t=termv - ts = t' = term v - (ts[i:=r']) = P

shows P (proof)

lemma [simp]: C-normal(term v -+ ts) «— C-normal g, v A ts =[]

(proof)

lemma [simp]: C-normal(A t «+ ts) «—— C-normal t A ts = ||
(proof)

lemma [simp]: C-normal(C nm -- ts) «——
(Vteset ts. C-normal t) A no-match-R nm (map dterm ts)
(proof )

lemma [simp]: C-normal(V x - ts) «—— (Vt € set ts. C-normal t)

{(proof)

lemma no-match-ML-lift:
no-match ypr, ps vs — no-match pr, ps (map (lift k) vs)
(proof)

lemma no-match-compR-lift:
no-match-compR nm vs = no-match-compR nm (map (lift k) vs)

{proof)

lemma [simp]: C-normal yr7, v => C-normal y;7,(lift k v)

{proof)
declare [[simp-depth-limit = 10]]
lemma Red-term-pres-no-match:
[¢ < length ts; ts | i = t'; no-match ps dts; dts = (map dterm ts)]

= no-match ps (map dterm (ts[i := t']))

{proof)
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declare [[simp-depth-limit = 501

lemma listsimps-eq-0-iff : listsum ns = (0:nat) «—— (¥ n € set ns. n = 0)

(proof)

lemma elem-le-listsum-nat: k<size ns = nslk <= listsum(ns::nat list)

(proof)

lemma listsum-update: k<size ns =
listsum (nslk := (n:nat)]) = listsum ns + n — nslk

{(proof)

lemma Red-term-pres-no-match-it:
[V i < length ts. (ts !4, ts’! 1) : Red-term "" (nsli);
size ts' = size ts; size ns = size ts;
no-match ps (map dterm ts)]
= no-match ps (map dterm ts’)

(proof)

lemma Red-term-pres-no-match-star:

assumes Vi < length(ts::tm list). ts | i =x ts’ ! i and size ts’ = size ts
and no-match ps (map dterm ts)

shows no-match ps (map dterm ts’)

(proof)

lemma not-pure-term|[simp|: = pure(term v)

(proof)

abbreviation RedMLs :: tm list = tm list = bool (infix [=x] 50) where
s [=] ts = size ss = size ts N (Vi<size ss. ssli =% tsli)

fun C-U-args :: tm = tm list (Cy'-args) where
Cuy-args(s - t) = Cy-args s Q [{] |
Cuy-args(term(Cy nm vs)) = map term (rev vs) |
Cy-args - = ||

lemma [simp]: Cy-args(C nm - ts) = ts

{proof)

lemma redts-term-cong: v =% v/ = term v =x term v’

(proof)
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lemma C-Red-term-ML:
v = v’ = C-normal y;, v => dtermp, v = C nm - ts
= dterm i, v/ = C nm -+ map dterm (Cy-args(term v’)) A
(Viteset(Cy-args(term v)). C-normal t) A
Cy-args(term v) [=*] Cy-args(term v’) A
ts = map dterm (Cy-args(term v)) and
(vs:: ml list) = vs' = i < length vs = vs | i =% vs'! i
(proof)

lemma C-redt: t = t' = C-normal t =
C-normal t' A (dterm t = C nm -« ts —
(Fts’. ts" = map dterm (Cy-args t') A dterm t' = C nm - ts' &
(Vteset(Cy-args t). C-normal t) A
Cu-args t [=%] Cy-args t' A ts = map dterm (Cy-args t)))
(proof)

lemma C-redts: t =* t' = C-normal t =
C-normal t' A (dterm t = C nm - ts —
(Fts'. dterm t' = C nm - ts’' A
(Vteset(Cy-args t). C-normal t) A Cy-args t [=*] Cy-args t' A
ts’ = map dterm (Cy-args t') A ts = map dterm (Cy-args t)))
(proof )

lemma no-match-preserved:
Vieset ts. C-normal t = ts [=%] ts’
= no-match ps 0s = 0s = map dterm ts => no-match ps (map dterm ts’)

(proof)

lemma Lam-Red-term-itE:
(A t, t') : Red-term”"i = Jt". t' = A t"" A (t,t") : Red-term""i
(proof)

lemma Red-term-it: (V x - rs, r) : Red-term""i
— dtsis. r = V- ts A size ts = size rs & size is = size rs A
(Vj<size ts. (rsly, tslj) : Red-term”"(islj) A islj <= i)
(proof)
lemma C-Red-term-it: (C nm - 1s, r) : Red-term""i
— dtsis. r = C nm - ts N\ size ts = size rs N\ size is = size rs N\

(Vji<size ts. (rsly, tslj) € Red-term""(islj) A islj < i)

(proof)
lemma pure-At[simp|: pure(s - t) «— pure s A pure t
{proof )

lemma pure-foldl-At[simp]: pure(s - ts) «— pure s N\ (VtEset ts. pure t)
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{proof)

lemma nbe-C-normal-ML:
assumes term v =% t' C-normal py1, v pure t’ shows normal t’

(proof)

lemma C-normal-ML-compile:
pure t => Vi. C-normal psr,(0 i) = C-normal ys1, (compile t o)

(proof)

corollary nbe-normal:
pure t => term(comp-fized t) =x* t' = pure t’ = normal t’

(proof)

7 Refinements

We ensure that all occurrences of C'y nm vs satisfy the invariant size vs =
arity nm.

A constructor value:

fun Cys :: ml = bool where
Cus(Cy nm vs) = (size vs = arity nm N (Vveset vs. Cysv)) |
Cys - = False

lemma size-foldl-At: size(C nm - ts) = size ts + listsum(map size ts)
(proof)

lemma termination-linpats:
i < length ts = tsli = C'nm -+ ts’
= length ts’ + listsum (map size ts') < length ts + listsum (map size ts)

(proof )
Linear patterns:

function linpats :: tm list = bool where
linpats ts «——
(ALL i<size ts. (EX x. tsli = V x) |

(EX nm ts’. tsli = C nm - ts' A arity nm = size ts’ A linpats ts”)) &
(ALL i<size ts. ALL j<size ts. i#£j — fo(tsli) N fo(tsly) = {})
(proof)

termination

{proof)

declare linpats.simps|simp del]

lemma eq-lists-iff-eq-nth:
size xs = size ys = (zs=ys) = (ALL i<size xs. xs!i = ysli)
(proof)
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lemma pattern-subst-ML-coincidence:

pattern t => ALL i:fvt. o i = o’

= subst-ML o (comp-pat t) = subst-ML o’ (comp-pat t)
(proof )

lemma linpats-pattern: linpats ts => patterns ts
(proof)

lemma no-match-ML-swap-rev:
length ps = length vs = no-match 7, ps (rev vs) = no-match psp, (rev ps) vs

{proof)

lemma no-match-ML-auz:
ALL v : set cvs. Cys v = linpats ps = size ps = size cvs —
Vo. map (subst g, o) (map comp-pat ps) # cvs =
no-match ppr, (map comp-pat ps) cvs

(proof)
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