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Abstract

This article formalizes normalization by evaluation as implemented
in Isabelle. Lambda calculus plus term rewriting is compiled into a
functional program with pattern matching. The partial correctness of
evaluating a compiled term is proved.

This theory is described in a paper by Aehlig et al. [1].
(ML)({proof)(proof )

1 Terms

types vname = nat
ml-vname = nat

typedecl cname
ML terms:

datatype ml =
— ML

C-ML cname (C pp1,)
| V-ML ml-vname (V 1)
| A-ML ml (ml list) (Apg)
| Lam-ML ml (Lam 7))
— the universal datatype
| Cuy cname (ml list)
| Vi vname (ml list)
| Clo ml (ml list) nat

— ML function apply
| apply ml ml

Lambda-terms:

datatype tm = C cname | V oname | A tm | At tm tm (infix - 100)
| term ml — ML function term

The following locale captures type conventions for variables. It is not
actually used, merely a formal comment.

locale Vars =



fixes r s t:: tm

and rs ss ts :: tm list
and u v w :: ml

and us vs ws :: ml list
and nm :: cname
and z :: vname

and X :: ml-vname

The subset of pure terms:

inductive pure :: tm = bool where
pure(C nm) |

pure(V z) |

Lam: pure t = pure(A t) |

pure s = pure t = pure(s-t)

declare pure.intros[simp|

Closed terms w.r.t. ML variables:

fun closed-ML :: nat = ml = bool (closed ;) where

closed ppr, i (C-ML nm) = True |

closed yyr i (V-ML X) = (X<i) |

closed prr, i (A-ML v vs) = (closed g, i v A (Yv € set vs. closed psr, @ v)) |
closed psr, i (Lam-ML v) = closed g7, (i+1) v |

closed ppr, i (Cy nm vs) = (Yo € set vs. closed yp @ v) |

closed psr, i (Vi nm vs) = (Vv € set vs. closed pr, i v) |

closed ppr, i (Clo fus n) = (closedyp, i f N (Vv € set vs. closed g, @ v)) |
closed yrr, @ (apply v w) = (closed py7, i v A closed yr, @ w)

fun closed-tm-ML :: nat = tm = bool (closed ys7) where
closed-tm-ML i (r-s) = (closed-tm-ML i r A closed-tm-ML i s) |
closed-tm-ML i (A t) = (closed-tm-ML i t) |

closed-tm-ML i (term v) = closed psr, i v |

closed-tm-ML i v = True

1.1 Iterated Term Application

abbreviation foldl-At (infix -- 90) where
t - ts = foldl (op -) t ts

Auxiliary measure function:

primrec depth-At :: tm = nat

where
depth-At(C nm) = 0
| depth-At(V z) =
| depth-At(s - t) = depth At s + 1
| depth-At(A t) =
| depth-At(term v) =0

lemma depth-At-foldl:



depth-At(s -+ ts) = depth-At s + size ts
{proof)

lemma foldl-At-eq-lemma: size ts = size ts' =
seets =8"ts' —— s=38" Nts=ts

(proof)

lemma foldl-At-eq-length:
5 - ts = s -+ ts’ = length ts = length ts’
{proof )

lemma foldi-At-eq[simp]: s «« ts = s +» ts' «—— ts = ts’
(proof)

1.2 Lifting and Substitution

fun lift-ml :: nat = ml = ml (lift) where

lift i (C-ML nm) = C-ML nm |

lift i (V-ML X) = V-ML X |

lift i (A-ML v vs) = A-ML (lift i v) (map (lift i) vs) |

lift i (Lam-ML v) = Lam-ML (lift i v) |

lift i (Cy nmwvs) = Cy nm (map (lift i) vs) |

lft i (Vy zwvs) = Vy (if x < i then x else z+1) (map (lift i) vs) |
lift i (Clo v wsn) = Clo (lift i v) (map (lift i) vs) n |

lift i (apply w v) = apply (lift i w) (lift i v)

lemmas mil-induct = lift-ml.induct[of \i v. P v, standard]

fun lift-tm :: nat = tm = tm (lift) where
lift i (Cnm) = C nm |

lift i (Vo) = V(ifx < ithen x else z+1) |
lift i (st) = (lift i s)-(lift i t) |

lft i (A t) = A(lift (i4+1) ) |

lift i (term v) = term (lift i v)

fun lift-ML :: nat = ml = ml (lift ;7)) where

lift pr, @ (C-ML nm) = C-ML nm |

lift yyp i (V-ML X) = V-ML (if X < i then X else X+1) |

lift prr, @ (A-ML v vs) = A-ML (lift ppz, 3 v) (map (liftpgg, 0) vs) |
lift pgr, @ (Lam-ML v) = Lam-ML (lift pr7, (i41) v) |

lift prr, @ (Cu mmows) = Cy nm (map (lift ppg, @) vs) |

liftyr, @ (Vo zvs) = Vg« (map (liftpyr, ) vs) |

lift prr, @ (Clo v ws m) = Clo (lift pgp, @ v) (map (liftppp, @) vs) n |
lift prp, i (apply w v) = apply (lift ppr, iw) (lift ppp, iov)
definition

cons :: tm = (nat = tm) = (nat = tm) (infix ## 65) where
t##o = Ni. case i of 0 = ¢ | Sucj = lift 0 (o j)



definition
cons-ML :: ml = (nat = ml) = (nat = ml) (infix ## 65) where
v#FHo = Ni. case i of 0 = vuml | Suc j = lift yy7, 0 (0 7)

Only for pure terms!

primrec subst :: (nat = tm) = tm = tm

where
subst o (C' nm) = C nm
| subst o (V) =0 x

(

(V
| subst o (A t) = A(subst (V 0 #+# o) t)
| subst o (s+t) = (subst o s) - (subst o t)

fun subst-ML :: (nat = ml) = ml = ml (subst ;) where

substpyp, o (C-ML nm) = C-ML nm |

subst i o (V-ML X) =0 X |

subst pyp, 0 (A-ML v vs) = A-ML (subst 7, 0 v) (map (subst g, o) vs) |

subst pyr, 0 (Lam-ML v) = Lam-ML (subst pr;, (V-ML 0 ## o) v) |

subst prr, 0 (Cuy nm ovs) = Cy nm (map (subst yrp, o) vs) |

substpir, 0 (Vo zvs) = Vg © (map (substyg, o) vs) |

subst prr, 0 (Clo v vs n) = Clo (subst sz, 0 v) (map (substy o) vs) n |
(a

subst yrr, o (apply u v) = apply (subst yrp, o w) (subst g, o v)

abbreviation

subst-decr :: nat = tm = nat = tm where

subst-decr k t = An. if n<k then V n else if n=Fk then t else V(n — 1)
abbreviation

subst-decr-ML :: nat = ml = nat = ml where

subst-decr-ML k v = An. if n<k then V-ML n else if n=Fk then v else V-ML(n —

1)
abbreviation

substl :: tm = tm = nat = tm ((-/[-'/-]) [300, 0, 0] 300) where
s[t/k] = subst (subst-decr k t) s
abbreviation

substl-ML :: ml = ml = nat = ml ((-/[-'/-]) [300, 0, 0] 300) where
u[v/k] = subst 7, (subst-decr-ML k v) u

lemma lift-foldl-At[simp]:
lift k (s -+ ts) = (lift k s) - (map (lift k) ts)
{(proof)

lemma [lift-lift-mi: fixes v :: ml shows

i < k+1 = lift (Suc k) (lift i v) = lift i (lift k v)
(proof)
lemma lift-lift-tm: fixes t :: tm shows

i < k+1 = lift (Suc k) (Lift i t) = lift i (lift k ¢)
(proof)

lemma [ift-lift-ML:



i < k+1 = lift g (Suc k) (llﬁML iv) = LGft apr, (liftML k)
{proof)

lemma [ift-lift-ML-comm:
lft § (Liftppr, i v) = Lift g @ (lift j v)
(proof)

lemma V-ML-cons-ML-subst-decr|[simp]:
V-ML 0 ## subst-decr-ML k v = subst-decr-ML (Suc k) (lift py7, 0 v)

(proof)

lemma shift-subst-decr[simp]:
V 0 ## subst-decr k t = subst-decr (Suc k) (lift 0 t)

(proof)

lemma lift-comp-subst-decr|[simp):
lift 0 o subst-decr-ML k v = subst-decr-ML k (lift 0 v)
(proof)

lemma subst-ML-ext: Vi. 0 @ = o' i = subst y;, 0 v = subst iy, o' v

(proof)

lemma subst-ext: Vi. 0 1 = 0’ 1 = subst o v = subst o’ v
(proof)

lemma lift- Pure-tms|[simp|: pure t = pure(lift k t)

(proof)

lemma cons-ML-V-ML[simp]: (V 57, 0 #4# V yp) = V-ML
(proof)

lemma cons-Vsimp]: (VO ## V)=V
(proof)

lemma lift-o-shift: lift k o (V-ML 0 #4# o) = (V-ML 0 ## (lift k o 0))
(proof )

lemma lift-subst-ML:
lift k (substyp, o v) = subst pp, (lift k o o) (lift k v)
(proof)

corollary lift-subst-ML1:
Vo k. lift-ml 0 (ulv/k]) = (lift-ml 0 u)[lift 0 v/k]
(proof)

lemma [ift-ML-subst-ML:

lift ppr, b (substppp, o v) =
subst ppr, (M. if i<k then liftpyp k (o i) else if i=k then V-ML k else lift pyr, k

(o(i = 1)) (lift prz, k 0)



(is - = subst g, (Zinsrt k o) (liftprp, k v))
(proof)

corollary subst-cons-lift:
subst yrr, (V-ML 0 ## o) o (liftpr, 0) = liftppr, 0 o (subst pyr, o)
(proof)

lemma lift-ML-id[simp]: closed yj, kv = liftyp, kv = v
(proof)

lemma subst-ML-id:
closed yr, kv = Vi<k.o it = V-ML i = substyj;, o v =0

(proof)

corollary subst-ML-id2[simp]: closed py7, 0 v = subst i, o v = v
(proof)

lemma subst-ML-coincidence:
closed pjr, kv = Vi<k.o i = o' i = substy, 0 v = substy, o' v
(proof )

lemma subst-ML-comp:
subst ppr, o (substppg, 0’ v) = subst yrp, (substpr, o o o’) v

(proof)

lemma subst-ML-comp?2:
Vi. o' i = substy o (0 i) = subst g, o (subst g, o' v) = substpp o' v
(proof )

lemma closed-tm-ML-foldl-At:
closed pyp, k (t ++ ts) «—— closed pp, k't N (Yt € set ts. closed yp, k t)

(proof)

lemma closed-ML-lift[simp]:
fixes v :: ml shows closed yr;, kv = closed ys7, k (lift m v)
(proof)

lemma closed-ML-Suc: closed i, n v = closed ps7, (Suc n) (lift pp, k v)
{proof)

lemma closed-ML-subst-ML:
Vi. closed pp, k (0 i) = closed g1, k (subst g, o v)

(proof)

lemma closed-ML-subst-ML2:
closed yrr, kv = Vi<k. closed psp, | (0 i) = closed p7, | (subst prp, o v)

(proof)



lemma subst-foldl[simp]:
subst o (s -+ ts) = (subst o s) -+ (map (subst o) ts)

(proof)

lemma subst-V: pure t = subst V.t =t

(proof)

lemma [ift-subst-auzx:

pure t = Vi<k.o' i =liftk (0 i) =

Vi>k. o'(Suc i) = lift k (0 i) =

o'k =Vk= lift k (subst o t) = subst o’ (lift k1)
(proof)

corollary [lift-subst:
pure t = lift 0 (subst o t) = subst (V 0 #+# o) (lift 0t)

(proof)

lemma subst-comp:
pure t = Y i. pure(o’ i) =
o' = (Ni. subst o (0’ i)) = subst o (subst o’ t) = subst ¢ ¢

(proof)

2 Reduction

Rewrite rules and their compiled version:

axiomatization

R :: (cname * tm list * tm)set
consts

compR :: (cname x ml list x ml)set

Reduction of lambda-terms:

inductive-set
tRed :: (tm x tm)set
and tred :: [tm, tm] => bool (infixl — 50)
where
s —t=(s,t) € tRed
— (-reduction
| (At) s — t[s/0]
— m-expansion
[t —= A((lLiftot) - (V0))
— Rewriting
| (nmyts,t) : R = (C' nm) -+ (map (subst o) ts) — subst o ¢
|t —=t' = At— At
|s = s'= st —s'-t
|t -t/ = s-t—> st

abbreviation
treds :: [tm, tm] => bool (infix] —* 50) where



s —=x t = (s, t) € tRed x

inductive-set

tRed-list :: (tm list * tm list) set

and treds-list :: [tm list, tm list] = bool (infixl —* 50)
where

ss —x ts = (ss, ts) € tRed-list

[ =1

| ts —x ts’ = t —x t/ = t#ts —x t'#ts’
Reduction of ML-terms:

inductive-set
Red :: (ml * ml)set
and Redl :: (ml list % ml list)set
and red :: [ml, mi] => bool (infixl = 50)
and redl :: [ml list, ml list] => bool (infixl = 50)
and reds :: [ml, ml] => bool (infix]l =x* 50)
where
s=1t=(s,t) € Red
| s =t = (s, t) € Redl
| s =%t = (s, 1) € Red"x
— ML (-reduction
| A-ML (Lam-ML u) [v] = ul[v/0)]
— Execution of a compiled rewrite rule
| (nm,vs,v) : compR =V . closed s, 0 (0 1) =
A-ML (C-ML nm) (map (substpsp, o) vs) = substpsg, o v
— Equations for function apply
| apply-Clo1: apply (Clo fwvs (Suc 0)) v = A-ML f (v # vs)
| apply-Clo2: n > 0 =
apply (Clo fvs (Sucn)) v = Clof (v# vs)n
| apply-C: apply (Cy nm vs) v = Cy nm (v # vs)
| apply-V: apply (Vy zvs) v = Vy z (v # vs)
— Context rules
| ctat-C: vs = vs’' = Cy nm vs = Cy nm vs’
| ctat-V: vs = vs' = Vy zvs = Vy xvs’
| ctxt-Clol: f = f' = Clo fusn = Clof vsn
| ctxt-Clo3: vs = vs' = Clo fvsn = Clo fvs'n
| ctat-applyl: s = s’ = apply st = apply s’ t
| ctat-apply2: t = t' = apply s t = apply s t’
| ctat-A-ML1: f = f' — A-ML fvs = A-ML f' vs
| ctxt-A-ML2: vs = vs' = A-ML fvs = A-ML f vs’
| ctet-listl: v = v/ = v#vs = v'#uvs
| ctat-list2: vs = vs' = v#tvs = v#uvs’

inductive-set
Redt :: (tm * tm)set
and redt :: [tm, tm] => bool (infixl = 50)
and redts :: [tm, tm] => bool (infixl =x* 50)
where



s =1t=(s,t) € Redt
| s =%t = (s, t) € Redt "
— function term
| term-C': term (Cy nm vs) = (C nm) -- (map term (rev vs))
| term-V: term (Vy z vs) = (V z) -« (map term (rev vs))
| term-Clo: term(Clo vf vs n) = A (term (apply (lift 0 (Clo vf vs n)) (Vy 0 [])))
— context rules
| ctat-Lam: t = t' = At = A t’
| ctat-Atl: s = s' = s-t= st
| ctat-At2: t =t/ = s-t=s-1’
| ctxt-term: v = v/ = term v = term v’

declare tRed-list.intros|simp]

lemma tRed-list-refl[simp]: fixes ts :: tm list shows ts —x ts

(proof)

lemma tRed-append: rs —x rs’ = ts —x* ts’ = 15 Q ts —x* rs’ Q ts’
(proof)

lemma tRed-rev: ts —x* ts’ = rev ts —x* rev ts’

(proof)

lemma red-Lam[simp]: t =« t' = At -« A ¢’

(proof)

lemma red-Atl[simp]: t =% t' =t s —xt'-s

(proof)

lemma red-At2[simpl: t —*x t' = s -t —x s - t’

{(proof)

lemma tRed-list-foldl-At:
ts =% ts' => 5 —*x 8/ == 5 - ts —x 5’ + ts

(proof)

/

3 Kernel

First a special size function and some lemmas for the termination proof of
the kernel function.

fun size’ :: ml = nat where
size' (C-ML nm) = 1 |
size! (V-ML X) =1 |
size' (A-ML v vs) = (size’ v + (O] ve—vs. size’ v))+1 |
size! (Lam-ML v) = size’ v + 1 |
size' (Cy nm vs) = (D ve—ws. size’ v)+1 |
( ) = (
(

size! (Vy nm vs veuvs. size’ v)+1 |
size' (Clo fusn) = (size' f + (O vews. size’ v))+1 |

!/
!/
!/
/
!/
/!
!/



size’ (apply v w) = (size’ v + size’ w)+1

lemma listsum-size[simp]:
v € set vs => size’ v < Suc(listsum (map size’ vs))

(proof)

corollary cor-listsum-size'[simp]:
v € set vs = size’ v < Suc(m + listsum (map size’ vs))

(proof)

lemma size'-lift- ML: size’ (lift yy7 k v) = size’ v
(proof)

lemma size’-subst-ML[simp]:
Vij. size(c i) = 1 = size’ (substy, 0 v) = size’ v

(proof)

lemma size'-lift[simp]: size’ (lift i v) = size’ v
(proof)

function kernel :: mi = tm (-! 300) where
(C-ML nm)! = C nm |

(A-ML v vs)! = v! -+ (map kernel (rev vs)) |
(Lom-ML )l = A (((5ft 00)[Vy 0 [/0])) |
(Cy nm vs)! C nm) -- (map kernel (rev vs)) |
EVU zvs)! = (V) -- (map kernel (rev vs)) |

(
(
(
t

<~

Clo fuvs n)! = fl « (map kernel (rev vs)) |
v

Lo () |

where

(Cnm)l = Cnm
| (Vo) =TV
| (s - )= (s!) - (2)
| (A t)! = A(t)
| (term v)! = !
abbreviation

kernels :: ml list = tm list (-! 300) where
vs! = map kernel vs

lemma kernel-pure: assumes pure t shows t! = ¢
(proof)

lemma kernel-foldl-At[simp]: (s «- ts)! = (s!) -+ (map kernelt ts)
(proof)
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lemma kernelt-o-term|[simp]: (kernelt o term) = kernel

(proof)

lemma pure-foldl:

pure t = V t€set ts. pure t —

(Ns t. pure s = pure t = pure(f s t)) =
pure(foldl f t ts)

(proof)

lemma pure-kernel: fixes v :: ml shows closed y;7, 0 v = pure(v!)

(proof)

corollary subst-V-kernel: fixes v :: ml shows
closed yyr, 0 v => subst V (v!) = v!

(proof)

lemma kernel-lift-tm: fixes v :: ml shows
closed pr, 0 v = (lift 1 v)! = lift i (v!)
(proof)

3.1 An auxiliary substitution

This function is only introduced to prove the involved susbtitution lemma
kernel-substl below.

fun subst-ml :: (nat = nat) = ml = ml where

subst-ml o (C-ML nm) = C-ML nm |

subst-ml o (V-ML X) = V-ML X |

subst-ml o (A-ML v vs) = A-ML (subst-ml o v) (map (subst-ml o) vs) |
subst-ml o (Lam-ML v) = Lam-ML (subst-ml o v) |

subst-ml o (Cy nm vs) = Cy nm (map (subst-ml o) vs) |

subst-ml o (Vy zvs) = Vy (0 ) (map (subst-ml o) vs) |

subst-ml o (Clo v vs n) = Clo (subst-ml o v) (map (subst-ml o) vs) n |
subst-ml o (apply u v) = apply (subst-ml o u) (subst-ml o v)

lemma [lift-ML-subst-ml:
lift ppr, b (subst-ml o v) = subst-ml o (lift py1, k v)
(proof)

lemma subst-ml-subst-ML:
subst-ml o (subst yr, 0’ v) = subst sy, (subst-ml o o o') (subst-ml o v)

{proof )
Maybe this should be the def of lift:
lemma lift-is-subst-ml: lift k v = subst-ml (An. if n<k then n else n+1) v

(proof)

lemma subst-ml-comp: subst-ml o (subst-ml o’ v) = subst-ml (o 0 ') v
(proof)

11



lemma subst-kernel:
closed py;, 0 v = subst (An. V(o n)) (v!) = (subst-ml o v)!
(proof)

lemma if-cong0: If t y z = If x y 2
(proof )

lemma kernel-substi:
closed yrr, 0 v => closed py1, (Suc 0) v =
kernel(u[v/0]) = (kernel((lift 0 w)[Vy 0 [)/0]))[v!/0]
(proof )
4 Compiler

axiomatization arity :: cname = nat

primrec compile :: tm = (nat = ml) = ml

where
compile (Vz)o =0«
| compile (C'nm) o = Clo (C g, nm) [] (arity nm)
| compile (s - t) o = apply (compile s o) (compile t o)

t
| compile (A t) o = Clo (Lampyy, (compile t (Vs 0 #4# 0))) [] 1
Compiler for open terms and for terms with fixed free variables:

definition comp-open t = compile t V yp,
abbreviation comp-fired t = compile t (Ai. Vi i [])

Compiled rules:

defs compR-def:
compR = (M(nm,ts,t). (nm, map comp-open (rev ts), comp-open t)) ‘ R U
(M(nm,ts,t). let vs = map V yp [0..<arity nm] in (nm, vs, Cy nm vs)) ‘R

Axioms about R:

axiomatization where
pure-R: (nmts,t) : R = (Vt € set ts. pure t) A pure t

lemma [lift-compile:
pure t = Vo k. lift k (compile t o) = compile t (lift k o o)
(proof)

lemma subst-ML-compile:
pure t == subst 7, o’ (compile t o) = compile t (subst g, o' 0 o)

(proof)

theorem kernel-compile:
pure t = Vi.oi= Vy i|[ = (compilet o)l =t
(proof)
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lemma kernel-subst-ML:

pure t = Vi. closed s, 0 (0 i) =

(subst pg1, o (comp-open t))! = subst (kernel o o) t
(proof)

lemma kernel-subst-ML-map:
Vit € setts. pure t = Vi. closed pyp, 0 (0 1) =
map kernel (map (subst pr, o) (map comp-open ts)) =
map (subst (kernel o o)) ts

(proof)

lemma compR-tRed: (nm, vs, v) : compR = ¥ . closed 5, 0 (0 i)
= C nm - (map (subst sz, o) (rev vs))! —= (subst o v)!

(proof)

5 Correctness

lemma eq-tRed-trans: s =t =t > t' = s — t'

(proof)
Soundness of reduction:

theorem fixes v :: ml shows Red-sound:
v = v’ = closed yy;, 0 v = v! =% vl A closed py7, 0 v’ and
vs = vs' = Vveset vs. closed 7, 0 v =
vs! —x vs't A (Yw'€set vs'. closed prp, 0 v')

(proof)

theorem Redt-sound:
t = t' = closed pyp, 0t = kernelt t —x kernelt t' A closed yrp, 0 t’

(proof)

corollary kernel-inv:
(t = tm) =% t' = closed pyp, 0t = t! —x t' A closed pyp, 0 t'

{(proof)

lemma closed-ML-compile:
pure t => Vi. closed yr;, n (o i) = closed ys5, n (compile t o)

(proof)
theorem nbe-correct: fixes t :: tm

assumes pure t and pure t’
and term (comp-fized t) =x* t' shows t —x* ¢’

(proof)
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